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PREFACE 


THE elementary volume of this treatise deals with vector algebra 
and differentiation with respect to one scalar variable, showing how 
they may be usefully applied to Geometry and Mechanics. The 
present volume begins with partial differentiation of a vector 
function of several variables, and introduces right at the outset 
the gradient of a scalar point-function, and the divergence and 
curl of a vector function. The important theorems connecting line 
surface, and space integrals are considered in the second chapter ; 
but the theory of linear vector functions and dyadics is postponed 
till Chapters V. and VII. These four chapters contain all the 
advanced vector analysis that is ordinarily required. 

The remaining portion of the book, dealing with applications of 
the above theory, forms a fairly complete introduction to Mathe- 
matical Physics. Naturally, it is only the three-dimensional work 
that is mentioned explicitly ; but two-dimensional problems may 
be treated as particular cases of the general ones here discussed. 
In a short space it has been possible to go a considerable distance 
into each of the subjects taken up; and it will be apparent to the 
reader that a great saving is effected in all respects by vector methods. 
I have endeavoured to make the treatment of each subject con- 
tinuous; and nothing has been assumed except a knowledge of the 
elementary phenomena of electricity and magnetism. Nearly the 
whole of Chapter IX. is independent of the theory of dyadics, and 
ean be read if desired immediately after the discussion of the 
Potential Theory. The order of the book was adopted partly 
because of the introduetion of dyadies in Arts. 107 and 116, and 
partly to keep the two chapters on Electricity consecutive, The 
historical introduction to the subject given in the author's 


Llementary Vector Analysis was intended to cover the present volume 
v 
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also ; and it has not been thought necessary to add anything further 
in that direction. 

My indebtedness to Professor J. H. Michell is as great in this 
case as in connection with the earlier volume. He was kind enough 
to read the original MS. and make many valuable suggestions, 
which I was glad to adopt. The point of view here taken agrees 
substantially with Professor Michell’s, His University lectures in 
Mixed Mathematics have been a great help; and in Chapters VI. 
and VIII. I have followed his treatment fairly closely. But for 
his influence and inspiration the present volume would never have 
been even contemplated. I wish also to acknowledge a debt of 
gratitude to Mr R. A. Herman, M.A., of Trinity College, Cambridge, 
whose lectures in Applied Mathematics I had the privilege of 
attending while at that University. In the preparation of this 
book I have been influenced both consciously and unconsciously 
by Mr Herman’s teaching. 

The notation employed is that introduced by the late Professor 
Willard Gibbs ; and I have chosen his theory of dyadics as being 
the most convenient for the treatment of the linear vector function. 
In this connection I owe a great deal to Professor E. B. Wilson, 
who, through his book, was one of my earliest instructors on the 
subject. This volume came to me as a stimulus and inspiration 
in mathematical work, and I have since been constantly under its 
influence. In particular my own presentation of the theory of 
dyadics has been considerably influenced by Professor Wilson's 
admirable discussion. 

As to other literature, I derived considerable help from Professor 
Webster’s Dynamics, which I consulted very often and in several 
parts of the subject. In my discussion of the elementary theory of 
Electricity and Magnetism I made frequent reference to Mr F. B. 
Pidduck’s book ; while in connection with the equations of Maxwell 
and Lorentz and the Lorentz-Einstein transformation I found Dr 
Silberstein’s Theory of Relativity and Professor Lorentz’s Theory of 
Electrons very helpful. In the vectorial expression of the trans- 
formation of coordinates I have followed Dr Silberstein fairly closely. 


Other works that were consulted during the writing of this book are 
mentioned in the bibliographical list below. 
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My thanks are also due to the Syndics of the Cambridge University 
Press, and to the University and Colleges of Cambridge, for per- 
mission to include among the Examples of this book a number of 
questions set in their examinations; to the Mathematical Gazette 
for permission to reprint as appendices two short articles which I 
contributed to that journal; and to Professor E. B. Wilson for 
allowing me to use a few Examples from his book. From Professor 
W. P. Milne, the editor of this series, I received several excellent 
suggestions, which I was very pleased to adopt; and I take this 
opportunity of thanking Mr A. D. Ross, B.A., a former student of 
Ormond College, whose kindness in reading the whole of the proofs 
was very helpful and much appreciated. 

In conclusion, I wish to thank the Publishers for their courtesy, 
and the Printers for the excellence of their work. 


©. E. WEATHERBURN. 
September 1923. 
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CHAPTER I. 
THE DIFFERENTIAL OPERATORS. 


1. Vector function of several independent variables. The vector 
functions considered in our elementary volume * were functions of 
only one independent variable. But vector quantities which depend 
on. the values of several independent variables ure very common. 
The Cartesian coordinates x, y,z of a point, and the time variable 
£, form the set that we have most frequently to deal with. 

Let F be a vector function of any set of independent variables 
which we shall denote by zx, y,...; and let F(a, y, ...) represent 
the value of the function for the values of the variables indicated 
within the brackets. Suppose that the value of the first variable 
increases from x to x -+ ôx, while those of the other variables remain 
unaltered, Let ôF be the corresponding increment in the function. 
Then the limiting value of the quotient 6F/dx as 6a tends to zero 
is called the partial derivative of F with respect to x and is written 


OF ut OF 


Jr gro Ò 
Similarly we may define partial derivatives with respect to the 
other variables. 
‘These derivatives, being themselves functions of the same set of 
variables, may be again differentiated partially, vielding second order 


. ae gs „oF 
partial derivatives. We denote the derivatives of a with respect 
J 
OF PE . ` , ae 
to x and y by yg and Faiy respectively. Further differentiation 
Kiia CLO 

leads to derivatives of the third and higher orders. 

Suppose next that the values of the variables increase from 
B, Y, 3... toe + du, y+ dy, 2 +62,... The consequent incre- 
ment ÒF in the function is given by 


oF = F(a -+éa,y 1 dy,...) -- Fey...) 


* Mlementary Vector Analysis, with slpplication lo Geometry and Physics, 
by the Author (G. Boll & Sons). 
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which may be written 


` 


SF = F(x + da, y+ oy, . la Be y+ dy, . . Joy 
+ F(x, Yt dy, z+ dz, ° z2 ~~ F(x, Y, z -F òz, . Isy 


+... 


If now the increments ôx, dy, . . . all tend to the limit zero, so also 
in general will F ; , and the coefficients of 5x, Sy, .. . in the above 
expression tend to the limiting values * 
OF (x,y, ...) OF(xz,y,.. .) 
ôx ? oy a 

Using the notation of differentials, let dF, dx, dy, . . . denote small 
quantities whose quotients are equal to the limiting values of the 
quotients of dF, dz, d6y,... Then the above cquation becomes in 
the limit 

oF F 


a 
dE = ae + g -dy + . . . (1) 


the terms of the second member being called the partial differentials 
of the function F and their sum dF the total differential. 

If the variables x, y, ... were expressed in terms of several new 
variables, s, t,... the function F would become a function of those 
variables. Then the partial derivatives of F with respect to s, t,... 
follow from the equation (1) as in the scalar calculus, their values 
being given by 

OF OF dx | OF dy (2) 

as aa s” by ös ' l co 
and similar equations. These are the formule for changing from 
one set of independent variables to another. 

2. Scalar and vector point-functions. A quantity which assumes 
one or more definite values at each point of a region of space is said 
to be a function of position, or a point-funciton in that region. If 
it has only. one value at each point the function is said to be uniform 
or single-valued. In Physics we meet with both scalar and vector 
point-functions. As examples of the former may be mentioned the 
density of a body, its temperature at any instant, and the potential 
duc to a distribution of matter or clectricity. Vector point-functions 
are illustrated by the velocity of a moving fluid at any instant, and 
the gravitational or electrical intensity of force. 

We shall begin by considering scalar point-functions, and shall be 
concerned only with real functions. Denote such a function by V, 


* This introductory Art. is by way of explanation, not proof. 
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and its value at the point P by V,. The function is said to be 
continuous at the point P provided that, corresponding to any 
positive real number e however small, it is possible to find another 
n such that V ~V „<e for all points Q within a sphere with centre 
at P and radius less than 7. 

If V is a uniform continuous point-function, then through any 
point P of the region considered we can draw a surface such that at 
each point on it the function has the same value as at P. Such a 
surface is called a level-surface of the function, or an iso-V. No two 
level-surfaces corresponding to different values of the function can 
intersect; for then there would be two different values of the 
function for each point of intersection, which is contrary to the 
assumption that the function is uniform. Isothermal surfaces and 
equipotential surfaces are level-surfaces for the temperature and 
potential respectively. 

A point-function V is a function of the Cartesian coordinates 
£, Y, z of the point, the coordinate axes being not necessarily 


rectangular. The partial derivative oe gives the rate of increase 


or directional derivative of V along the z-axis; and, as the co- 
ordinate axes may be chosen arbitrarily, a similar statement may be 
made for any direction. 

3. Gradient of a scalar point-function. Let V be a uniform 
point-function which is continuous 
at P, having there the value F, 
and at a neighbouring point P’ 
the value V + ôV. Then ôF} tends 
to zero with the distance 5s from 
P to P’. The limiting value of 
the quotient 5V/d5s, as ds tends 
to zero, is finite in general, and is 
called the directional derivative of 
V at P for the direction P to P’. Mig. 1. 


It is denoted by E, in which the variable s meesures distance * 


in the direction PP’; and the notation of partial differentiation is 
employed because V is a function of three such variables as s. 
Consider the level-surfaces of the function through P, P’ with 
values V, V + òV respectively. Lot Q be the point at which the 
second surface is cut by the normal at P to the first, and let ôn be 
* Aftor reading Art. 11 the student will soo that s may bo regarded as one 


of a system of (curvilinear) coordinatos, the coordinate axis of æ at the point: 
P being in the limiting direction PP’ ug LP. 
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the length of PQ. Then the limiting value of 8V/3n as dn tends to 
zero is the derivative of V in the direction normal to the level- 


surface at P, and is written a This derivative is greater than 


that for any other direction. For if 6 is the angle P’PQ between 
the normal direction and that originally considered, taking limiting 
values as the two level-surfaces tend to coincidence, we have 


ov SV òn OV 
3g = Lt g~ 5, = Fy 008 . . .- (3) 


which proves the statement. If then n is the unit vector normal 
to the level-surface at P and having the sense P to Q, the vector or n 
gives both the direction and the magnitude of the maximum rate 
of increase of the function at P. This vector is called the gradient 
or slope of the function V, and is denoted by grad V or VV (pro- 
nounced del, V). It is a sort of vector derivative. And from the 


equation (3) it follows that the directional derivative ov for any 


direction is the (scalar) resolute of VV in that direction. 

From its definition it is clear that the gradient of a scalar point- 
. function is independent of any choice of coordinate axes. But it is 
frequently convenient to introduce fixed rectangular axes of refer- 


ence, relative to which x, y, z are the coordinates of a current point. 


Then ae a d are the resolutes of VV in the directions of these 


axes; and if i, j, K are the unit vectors in these directions, 


wi 1, Əy 
VV= + By J+ zE . . . (4) 
This expression for the radia, as the vector sum of the rates of 
change of V along the coordinate axes, is a very useful one. The 


equation may be written 
.ð ð a) 
VV= (i2 + Vay T kz y 


if we interpret the right-hand side according to the distributive law, 
and regard 
„ð ô ô 
V= izz tiz 7 + kz 


as a sort of vector operator, the result of whose operation on a scalar 
function is a vector. 


Further, if r is the position vector of P and r+ Sr that of P’, 
relative to a definite origin O, the increment ôV corresponding to 
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the displacement ôr may be written 
èV òV òn 
Sy = 2L on 
òn ôn == Sn 5s ôs. 
If now P’ moves to coincidence with P, this relation becomes in the 
notation of differentials 
dy = a cos Ads = ° 7 


= mv y . . . . . (5) 
This result is very useful, and is sometimes employed to define the 
gradient VV. With the ordinary notation 
r= xi + yj + zk 
it is easily seen that (5) is equivalent to 


əy av. av 
7 = a 
dV = ggl t gt g 


4. We have seen that the directional derivative of V in the direction 


nedr 


of the unit vector a is aVV. Tfl, m, n are the direction cosines of a 
relative to the coordinate axes, this nay be expanded 


V. OV. eV, 
7, - 
aVl : = (li+ mj + nk} (Si 4 ay + - Te k) 
= l M -+ m- 0 a + nae . . . . (6) 


This may be written 

aVV = ( a m +n yr . . . (6) 

Ou oy dz 
the operator in brackets being interpreted according to the dis- 
tributive law. This operator is the formal scalar product. of a and 
V, and is frequently written aV. The equation (6°) then becomes 
a-(V V) = (a-V)V. 
The brackets are therefore unnecessary, and the expr cession is written 
simply aVV. Similarly for any vector &= - aa, which may be 
written 
a = Ai-+ a,j + a,k, 
we have 
aVV = aa-VV 


f] O\,, 
ole a tré) 


ð 
= (ag “+ a, a a)! 
—= (aV)V . . . (6") 
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The gradient of a.sum or product of point-functions is found by the 
ordinary rules of differentiation. Thus if there are several functions 
Vi: Va, . . . the gradient of their sum is 


VEV ic BV + ig BV + REY 


A way 


= ZVY. 


Thus the gradient of the sum of any number of scalar point-functions 
is equal to the vector sum of their gradients. 
Similarly the gradient of the product of two functions U, V is 


VUV) = iZ (UV) +ig 5 (OV) + Ke (UY) 
av ov aU 3U 
= oliz, tigt latig iv 
=UVV+ VVU . . oy) 


Thus the gradient of a product of scalar functions is formed accord- 
ing to the same rule as the derivatives of algebraic products. The 
gradient of a scalar function of the form F-@, where F and G are 
vector point-functions, will be considered in Art. 8. 

The application of the gradient function to physical quantities 
will be abundantly illustrated in the following pages. It is un- 
necessary here to anticipate the contents of later chapters by giving 
examples. 

5. Gradient of r™. As a useful example in the calculation of VV 
consider the function V=r™, where m is a real number, and r the 
distance of a variable point P from a fixed origin O. The level- 
surfaces of this function are concentric spheres with centre at O ; 
and the unit normal n to a level-surface at any point is parallel to 
the position vector r of that point relative to O. Thus since r = rt 
we have 


ort orm a 
Yrm = me = ot 
rmt = mrp, . . (8) 


For the particular values +1 of m, 


and 
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If V is any scalar real function of 7, the level surfaces are still 
concentric spheres, and 


Wana Ti, a‘ O) 


6. Vector point-function. Examples of vector point-functions 
were mentioned in Art. 2; and the gradient of any scalar function 
is a vector point-function. Any such function F may be resolved 
into components parallel to the coordinate axes, and expressed as 


F= Fi+ F j+ Fk 


where F., F,, F, are scalar point-functions. 

The condition of continuity of the vector function F at the point P 
is that, corresponding to any positive real number e however small, 
it is possible to find another y such that mod. (F, — F,) <e for all 
points Q within a sphere with centre at P and radius <7. 

If, for a displacement of length ôs in any direction, ôF is the corre- 
sponding increment in the function, the derivative of F in this 


direction is 
oF oF 
_ OF Ox OF dy F əz 
~ Ox Os Oy ðs dz As 
by equation (2). If l,m, n are the cosines of the angles which this 


Aa 
direction makes with the coordinate axes, and a is the unit vector 
in this direction, the above expression may be written 


oF OF OF a 
ly mad Na (a-V)F. . . (10) 


Thus a-V operating on either a scalar or a vector point-function 
g 


gives the directional derivative of the function parallel to a. There 
is no need for the brackets in the last equation, for the expression 


a- VF can have only one interpretation, no meaning having yet been 
assigned to VF. 

7. Divergence and curl of a vector. From a vector function 
F may be derived two other point-functions, the one a scalar and 
the other a vector, which occupy a very important place in vector 
analysis. The former of these is called the divergence of F and is 
denoted by div F. It is defined by the equation 

div Pa iE pF E 


- l 
Ov oy + az (11) 


The other is called the curl or rotation of F and is written briefly 
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curl F or rot F. Tt is similarly defined by the equation 


oF oF oF 
curl F = ix z tixy + kx ie . . (12) 


These functions are also denoted by V.F and VxF (pronounced 
‘del dot F and del cross F) respectively. To justify this notation we 
have only to expand these formal products according to the dis- 
tributive law. Then 


f2 a 2) . oF. oF 
vr- (ig tiz + ke Fi ta that 
= div F 


and similarly for VxF. 
Express the function F as the sum of three resolutes 


F = Fi -+ F,j + FK. 


Substitution of this form in the above equations gives for the values 
of the divergence and curl 


OF, of, oF, 
div F = 4 Sh, A (13) 
öx y @ 
and 
OF, OF Ds oF a; oF, OF, 
curl F = (= as 1+ (a — 3; }! (G — gy E (14) 
This value of the curl may also be put in the determinantal form 
O r; 
curl F = = iy Z 
Fi F, r. ° (14°) 


| i j E 
which is sometimes an aid to memory. 

Since the result of the operation of V on a scalar function is 
invariant with respect to the choice of rectangular axes, we should 
expect the functions V-F and VxF also to be invariant. That such 
is the case may be verified by transforming from one set of rect- 
angular axes to any other. We leave this as an exercise for the 
student.* The invariant property of these functions will be 
established in the following chapter in connection with the trans- 
formation of certain integrals; and it will then be seen how the 
divergence and curl of a vector function may be defined independently 
of coordinate axes. The physical meanings of the divergence and 
curl of certain veetor quantities will also appear in subsequent 
chapters. ‘ 

It should perhaps be remarked that the operators Ve and Vx 


* Cf. Ex. 16 at the end of the present chapter. 
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applied to the sum of several vector functions Fy, F.,..., are 
distributive. For 
V-UF =i an oy 

./,0F aF or 

Hig + igy t kz) 
= XV-F, 

which proves the statement for this operator ; and similarly for 
the other. Thus the divergence of the sum of several vectors is 
equal to the sum of their divergences; and a similar statement 
is true for the curl. 

It is also worth noticing that, if 

r= xi + yj + 2k 
is the position vector of a variable point with respect to a fixed 
origin, divr=3 and curlr= 0. 

8. Formule of expansion. In our analysis we frequently mect. 
with the curl and divergence of vector functions of the form wv or 
uxv, where u, u, V are themselves point-functions, the first a scalar 
and the other two vectors. It is convenient to know their expan- 
sions in terms of the differential functions of u, u, and v. Similarly 
the gradient of the scalar product u-v presents itself. The following 
formule of expansion will be found very useful : 


ð © o 
>} +. => wy 
LF + j-,, F + kez- F 


div (uv). Vuev -+ w div V . . . . . (15) 
curl (uv) Vaxy- u curl v. . . . . (16) 
div (uxv)-- v- culu wu-scurlv. . . . (17) 
curl (a«v) = veVu—-uVv-+-udiv v-vdivu . . (18) 
grad (wv) ~ v-Vu -+ u-Vv -i veul u+ usxcurl v . (19) 


in which, as explained above, v-Vu is to be interpreted as (ve V)u. 
The proofs of these formule are all obtained along the same lines, 
using the relations 

Arar . 1 OW sx OU 

Va Ni , divu i, , curluo Viw: 

Cr Oe or 

Take for instance the first formula, We have 
o 


div (av) Xi- (uv) 
OX 


y; ou uv 
vlei , V| u ; 
COX Or 


youl ~; OV 
eul V] u ule, 
cr or 
View | udiv v, 


which proves (15); and (16) may be shown in a similar manner, 
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Tn the case of (18) we may proceed : 


curl (uxv) = dix (xy) 


= Ei — iy + ifu - iat) 
p ( Ox jn" ax 
=vVu-—v divi u + u div v — u-Vv, 


which is the required result. A similar proof applies to (17). 
To demonstrate (19) we write 


a. G 
V(u-v) = Xi 5g ev): 


=y Sin a 
Again vxcurl u = v(2i2)- = yet an 1i- Evi a, 
which is equivalent to 
~ OU, ws 
xSve—i=vxeurlu+veVu. . . ii 
ax 
a. OV, . es 
Similarly Su i=uxcurlv-+u-Vv. . . itil 


Substituting in i from ii and iii we obtain the required formula (19). 
9. Second order differential functions. If V and F are point- 
functions, VV, V-F, and VxF are also point-functions. The first 
and third possess divergence and curl, and the second a gradient. 
Consider then the functions 
div grad V = V.V Y 
curl grad V=VxVV 
div curl F = V-V xF S . . . iv 
curl curl F = Vx VxF 
grad div F = VV.F 
which are independent of coordinate axes, since V, V+, and Vx are 
invariant operators. The second and third of these vanish 
identically. For 


Gat Gy t Be -—k 


~ (2%. ayy o 
= dyz Ah wee a 5 
and similarly 


div curl F - ain (s — PPA i+... -Hať } 
öy oz 


7 2 (Ps. ar.) bog o 
Jx öy jz oo ee Toe es * . 


7 
curl grad V = curl (Fi av. | av ) 
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These two identities, 
curl grad Y =0 2 
div curl F =0 ` i ` - (20) 


are very important, and should be remembered. It may help the 
student to do so if he notices that, when written formally Vx VV 
and V-VxF, the first appears as a vector product of like vector 
operators with a scalar coefficient V, while the second has the form 
of a scalar triple product with a repeated factor. We should 
therefore expect them to have the value zero. Conversely, it will 
be proved in the next chapter that a vector function whose curl 
vanishes identically is the gradient of some scalar function ; while 
one whose divergence vanishes identically is the curl of some vector 
function. 
The first of the functions iv may be expanded 


div grad V = div (Zi + =i + or) 


2V V æy 

“gptaptae oo . (21) 
This function, whose symbolic representation is V-VV, is generally 
written V?V in harmony with the notation for a scalar product. 
The operator 
0? 0? ə? 
—— Dy? -+ pr 


is called Laplace’s operator, and is invariant with respect to rect- 
angular axes. The equation V*V = 0 is called Laplace’s equation, 
and is of frequent occurrence in mathematical physics. The-, 
operator V? may be applied to a vector function, provided we 
interpret the result according to the formula 


2 OF OF oF 

WF = Bae + apt 722 

for V-(VF) has not yet been given a meaning. 

The fourth of the functions iv has an alternative expression 
which will be found useful. Thus 


. (21) 


curl curl F = i oe ca) 


ð a oy Oz 
_ OF OF, om) OF 
E age thay t kag) * Poe 
-fi 2 (ah + or, aF, oF vo 
Oa dy öz 


z- sad div F- VE . . , . (22) 
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This formula should be remembered. Written symbolically it is 
VxVxF = VVF — V2F. 

This can be easily remembered by writing down the formal expansion 

of Vx(VxF) as a vector triple product. 

10. The function r”. Let r be the position vector of a current 
point with respect ‘to a fixed origin, and r= mod r. Then r” is a 
scalar point-function, and by Art. 5 

Vr” = mrm 2p, 
Hence ; 
Verm = VeVem™ == m div (r™2r) 
= m(Vr2y + 2 div r) 
in virtue of (15). Then since div r = 3, the equation reduces to 
gêr” = m{(m —2)rm-ay2 -+ 3r”=2} 

= m(m + ljr? . . . . (23) 
This expression vanishes for the values 0 and --1 of m. The 
former makes r™ merely a constant. Taking the latter value for 


me, we have 
v(1) <0, 
P 


, l. , . , 
showing that isa solution of Laplace’s equation. 


More generally, if u is a scalar funetion of 7, and w’, w” denote its 
first and second derivatives with respect to r, then by Art. 5 


r 


V2u = div (u'T) = div (=r) 


r r 
(= we B 
y? ? 
Du" 
= y+ — (24) 
r 


11. Orthogonal curvilinear coordinates. Consider three uniform 
point-functions u, v, w. Each of these has a level-surface passing 
through an arbitrary point P. Let the functions be such that these 
three level-surfaces do not coincide or intersect in a common curve. 
Then the values of u, v, w on these surfaces determine the point P, 
and may be considered as coordinates of P. The three surfaces are 
called the coordinate surfaces through P, their three lines of inter- 
section the coordinate lines, and the tangents at P to the coordinate 
lines are the coordinate axes. The directions of the axes vary from 
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point to point. A great simplification is introduced by choosing 
coordinates u, v, w such that at every point the coordinate axes arc 
mutually perpendicular. The functions are then said to constitute 
an orthogonal system of curvilinear coordinates. 

Take as the positive directions of the orthogonal coordinate axes 
of u, v, w at P those forming a right-handed system, and let a, b, ¢ 
be unit vectors in these directions. These of course are not con- 
stant vectors, as their directions vary 
from point to point. Consider also the 
neighbouring level-surfaces correspond- 
ing to the values u + du, v + dv, w +- dw. 
These, with the coordinate surfaces at 
P, bound an infinitesimal curvilinear 
figure PAFBDCEP', the lengths of 
whose edges are 


PB = h,dv Bu 
PCO = h dw Fia. 2. 


where the parameters h,, ka, 4, are functions of u, v, w. The areas 
of the faces of the figure are h,h,dvdw, hghydwdu, h,hdudv, and its 
volume is hoh gdudedw. 

As an example of such a system may be mentioned the spherical 
polar coordinates r, 6, ¢ of a point P. These are its distance OP 
from a fixed point O, the angle of inclination O of OP to a fixed 
direction OZ, and the angle ¢ which the meridian plane POZ 

makes with a fixed meri- 

Z . dian plane XOZ. Tho 

level-surfaces of 7 are con- 
centric spheres with centre 
O; those of 0 are right 
circular cones with OZ as 
axis; and those of @ are 
meridian planes through 
OZ. These intersect in 
orthogonal lines, the co- 
ordinate lines through P 
being the radial line OP, 
the meridian circle through 
Ke. 3. P, and the parallel of lati- 

tude through the point. 

We take as positive directions for the axes through P those 
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corresponding to r, 0, ¢ increasing; and these form a right- 
handed system. The level-surfaces for the values r+ dr, 0+ d9, 
$ + dd, and the coordinate surfaces through P bound a curvilinear 
figure, the lengths of whose edges are 
dr, rdð, rsin Odd. 
Hence for this system the parameters have the values 
hy=1, hg=r, hg=rsin ð. 
The areas of the faces of the infinitesimal curvilinear figures are 
r sin Od6dd, rsin Odrdd, rdrdé, 


and its volume is 7? sin drdd. If Z be regarded as the North 
pole and O the centre of the earth, the positive directions of the 
coordinate axes at P are up, South and East. 

Returning to the general case, consider the elementary vectors 
determined by the edges of the infinitesimal curvilinear figure 


(Fig. 2). In terms of the unit vectors a, b, ¢ introduced above, we 
have 


—-> 
PA = hdua 


——> ô 
BF = hdu a+ ~( 


z h du adv, 
while PB = hado b 

——> oO 

AF =h,dvb+ gyde bdu. 


Then since the sum of the vectors determined by the sides of the 
closed figure PAF BP is zero, we have the relation 


ə ð . 
yeh) = jpa) . . . . l 


- while two similar relations may be written down by cyclic permuta- 


tion of the symbols. Form the scalar product of each member with 
the vector b. Then 


hy ob ohy da 
b( sab + hase ) = b(a + hg) 


ov 
b 


ob. a, 
But be is zero because b is a vector of constant length, and bea 


is zero because the axes are orthogonal, Hence the relation 


oh, da 
2 -. hy be: 
Ou ov 
and similarly ii 
i dhs | ca 
- ` t —_— 


ou 1” Bw 


§ 12] CURVILINEAR EXPRESSIONS 15 


Four similar equations may be written down by cyclic permutation 
of the variables. 

12. Curvilinear expressions for grad, div, curl, and V?. Since the 
functions obtained by operating with V, V-, Vx, and V? are in- 
dependent of coordinate axes, we may take the axes of a, y, z as 
coincident with the axes of the curvilinear coordinates at P. By 
doing so we make at this point 


du=h,du, dy=h dv, dz=h,dw, 
and if V is a scalar point-function, 
av_1eV aV_1eV aV_ 1 av 
ôx hy Ou’? Oy hy Ov’ dz hy dw 
Therefore, since i, j, k now coincide with the unit vectors a, b, ¢ for 


the point P, we have 
„0 jê a 
VV = ix an y ++ k= 
By 
a av b oy e ôV 

= 7 Ou + hs Bo + i jo 
which is the required expression for VV in curvilinear coordinates. 
The coefficients of a, b, ¢ are the ratos of increase of V in the direc- 
tions of the coordinate axes. The directional derivative of V in the 
direction of the unit vector 


A — Aa + A,b+ A,e 


is A oV A,ƏV A, aV 
AVY - ie du hy Ov i, aw 


The curvilinear expression for the divergence of the point-function 
F= Fa- Fb- Fe may be found thus: 


(25) 


(25) 


a 
div F . iati oF k., oe 
or Vay 
7 F bö, 
~ Ea (Pa + Faba Pye) 4 hs yy (hia E Pree io 


Remembering that ans is zero, and that a, b, ¢ are orthogonal, we 
find for the terms involving F4 

lor, Fy, a Wy a 

hy, ou ii, “Wy hy “ow 
which, in virtue of ii, may be written 

l Er Fi dhy F, Ohy 

h, au hh, 3 ou” Ayhy au 


] 
A hghs py lls shs Fi) 
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The terms in F, and F, may be written down by symmetry, leading 
to the result 
div F= py mla (hah, Fy) + E hah P+ Ah aF) | (26) 


To find the expression for V?V we have only to combine the results 
(25) and (26). Thus 


_fa av. bav y 
VV =V-VV = div (7. oa Te Bot Te + o) 
1 hah, OV hah, ôV (ah ô ] 
~ Aghgh glo Pe: Fa) t BAA ha Ov + hs 4 a) (27) 


Similarly the curvilinear expression for curl F may be found from 
the formula 


curl F = a EPa + Fab + F30), 
leading to the result 
curl F= -e Ê h F )— n F yb 
. heh, evr ® 8 ay? 2 


+ BL 2a Fy) Ê hPa ba .  . (28) 


We shall not give the details of the sravetormation, as both formulze 
(26) and (28) are most easily obtained, as in the following chapter, 
from the values of certain definite integrals. 


EXERCISES ON CHAPTER I. 


1. If r and r have their usual meanings, show that 
divr =3, curl r= 0, 
div 7*r = (n + 3)r", curl rr = 0. 
2. If ais a constant vector, 
V(au) =a-Va-+axcurl u 
V- (axu) = — acurl u 
Vx(axu) = a div u — a-Vu. 
3. Show that 
uVr=u 
and that if a is constant, 
Viar) =a, V-(axr) = 0, 
V x(axr) = 2a. 
4, Prove that 
veVv = $Vv?— vxcurl v. 


5. If v is the velocity of a particle of a rigid body whose angular 
velocity is A, show that ` 
curl v = 2A. 
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6. Given that 
pF = Vp 
where p, p, F are point-functions, prove that 


F. curl F = 0. 
%. Prove that 


f(u)Vu = V| fwd. 
8. If f=f(u, v,...) is a function of several point-functions, 
show that 
vi = Zvu + Lyn + 


9. Prove that a-{V(v-a) — Tetra) = div v 
where a is a constant unit vector. 
10. If v = vi -+ vj + vK, show that 
Vev = Vui + Vugj + Vvk 
V xv = Vo xi + Vvsxj + Vogxk. 
11. By means of formula (7) show that, if a, b, ¢ are constant, 
Viar brer) = brerat+ arerb+ arbre. 
12. Prove that a-V(b- yl N- sar br ab 


y% r3 


where a and b are constant. 


13. If F is a solenoidal vector (i.e. one whose divergence vanishes 
identically), show that 
curl curl curl enrl E - VVF -- VAR, 


14. If F and f are point-funetions, prove that the components of 
the former tangential and normal to the level-surface f = 0 are 


Vo (FN (BxV/) and (PV Vf 
VIF (V 
15. From the equations 
div D = p, div H= 0, 
oD 1 dH 
curl H = (5 -- - pv), cwl D= - ZIP 


in which ¢ is the time variable, ¢ a constant, and the other symbols 
denote point-functions, prove that 


a l CD la 
V"D -- g pa + Vp + z zPY) 
mL eH _! 


16. Prove that the values of div F and curl F are independent. of 


the choice of rectangular axes. 
2 
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If the mutual direction cosines of two sets ij K 
of axes are those in the table, and (x, y, z) —\|— — 
(x', y’, z’) are the corresponding coordinates, Vid m m 

i’ = lit mj+ nk, J l Mm Ng 
a’ = lix + my + nz, etc. K| l, m Ms 
and ., OF . , oF oF oF 
2i E = X(L,i + mj + mak) (1:5 + mizy + ma) 
. OF 
=biz . 
Similarly 


., OF . OF 
Li * oy = Dix aa 
which proves the invariance of the functions. 


17. In curvilinear coordinates the expression for curl F may be 
written 


a b c 
curl =| Gy Ai A 
ð K 
a ov Ow 


uÙ 
hFa hF, hF; 


18. From the formulæ (25)-(28) deduce that in terms of spherical 
polar coordinates, for which h, = 1, h =r, hg = 7 sin 0, 
ôV bav ec AV 
VV =a rte 30 rain 26 


l 1 OF, 
VE BP) pga P+ rand ob 
2V l g 1 aVv 
Vey = rż aal z) * amé r2 sin 0 o) + r2 sin 0 ag 
b 1 
VxF = r sin SFU 2 sin 0) — +o 8 ES ~ ae r) 


+ Sd 5a 2) ~ 00 


19: In the case of cylindrical (i.e. semi-polar) coordinate r, $, Z, 
show that h, = l, ho =r, hy = 1, and that 


| 
VWW=a or ber, ÊE J 
A AE a aF, 

ver = ole) + a fer + ay 

VxF=a TEE bq _ oh 


+e an, 1 a 
or + op 


CHAPTER IL. 


LINE, SURFACE, AND SPACE INTEGRALS. 


18. Tangential line integral of VV. The tangential line integral 
of a vector function F along a curve C from A to B is * the definite 
integral of the scalar resolute of F in the direction of the tangent to 
the curve, the variable of integration being the arc-length s of the 
curve measured from a fixed point in the sense A to B, and the limits 
of integration being the values of s 
corresponding to the points A and B. 
If t is the unit tangent at the point P, 
and F the value of the function there, the 
integral has the value F 


B B ar 
Í F-tds -f F-dr 4 
al al 


B 


where dr is the infinitesimal vector tds 
determined by the element of arc at P. A 
It is clear that the line integral from A 
to B is the negative of that from B to A. For in changing 
from one to the other the sign of every elementary vector dr 
is reversed. Thus 


Fig. 4. 


B all 
\ F-dr = -| F-dr. 
at 


B 
Suppose now that the function F is the gradient of a scalar point- 


function V. Then 
B B B 
| Far =Í Var =| dv 
al af 


-t 
by formula (5) of the previous chapter. The last integral is equal 
to V, — V, where the suffix denotes the point for which the value 
of V is to be taken. Hence the result 


B 
\ VVedr = Vp- V, (1) 
A 


* Cf. Elem. Vector Anal., Art. 
19 
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have 


r= ffi- U, + Ua—Ua+ ... — Unna + Usnddyde 


where U, is the value of U at the point P,. Let dS, be the area of 
the element of the boundary intercepted by the prism at the point 


Z 


Fra. 7. 


P,- Then, since dydz is the area of the projection of this element 
on the YZ plane, we have 


dydz = — in,dS,, for r odd, 
=  in,dS,, for r even, 
because the angle n, makes with iis acute or obtuse according as 


r is even or odd. The above expression for J is therefore equivalent 
to 


I= [ie(7amas, + U,nd8,+ ... +U, Dandan). 


Summing then for all the rectangular prisms, we include in the first 
member every volume element, and in the second member every 
element of the boundiny surface, and thus obtain the result * 


[o= = (Vinas = [uias .  . 8) 
Similarly we prove the relations 
(Edw [Vins 2. 8) 
| on dv = = |Wienas oo. (89) 
and from these three results by addition we have . 
(E + + a \w= f (Ui+ Vi + Wk)-nds, 


* The argument leading from i to (3) is equally true of a a vector function U. 
Hence another proof of (2) may be obtained. Cf. Art 
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which is identical with the equation (2) as required. Gauss’s 
divergence theorem is thus established. l 

If we apply the theorem to an infinitesimal closed surface, and 
the enclosed element of space whose volume is dv, we obtain 


div Fav = fenas 


Or div F = | (Pnas 4 
1y -z N . . . (4) 


That is to say, the divergence of a vector function is the limit to 
which the average value of the normal surface integral, per unit of 
enclosed volume, tends as the bounding surface converges to a point. 
Since this is independent of coordinate axes, it follows that the 
function div F is invariant, as stated in the preceding chapter. The 
equation (4) is sometimes used to define the divergence of a vector ; 
and the original definition may be deduced from this, as in Art. 18 
below. 

15. Theorems deducible trom the Divergence Theorem. We may 
mention here two other theorems easily deducible from the above. 
These are not of the same importance as Gauss’s theorem, but 
they will be found useful. In the equations (3), (3’), (3’’) put 
U= W= V. Then on multiplying * the equations by i, j; k re- 
spectively, and adding, we have 

(Be + a + Sek )ao - [van i+ inj -+ kn k)ds, 
that is, 


[Vrav = [ynas ©. (BY 


Thus the volume integral of the gradient of a scalar function may be 
expressed in terms of the values assumed by the function at the 
boundary of the region. This is one of the theorems sought. 

The other theorem referred to is expressed by the equation 


foun Fdv = [a xEdS . . . (6) 


The student may deduce this from the equations (3)-(3’’) by a 
method similar to that just employed. But for the purpose of 
illustrating a different method we proceed thus. In the divergence 
theorem (2) put F = Vxd where V is a vector point-function and 
d a constant vector. Then 


div (Vxd) = d- curl V, by (17) Art. 8, 


* Strictly spewxing, we multiply the vector by the number. 
t Cf. also another proof in Art. 87. 
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and the theorem leads to 
d- fourt V do = [Vxdends - a-[nxvas. 
And since this is true for all values of d, we must have 


four! V dv = [axvas. 


. which is the required result (6). 
If we apply the theorem to an infinitesimal closed surface, and 
the enclosed element of space of volume dv, we obtain 


curl Fely -~ fn xFAS, 


or 
curl F = gox Pas : ‘ . . (7) 
dv 


This leads to an alternative definition of curl F corresponding to the 
definition of div F by (4) ; and, as in that case, since the value of the 
integral (7) is independent of coordinate axes, it follows that curl F 
is invariant with respect to the choice of these. 

The theorems of this Art. and the preceding are all variations of 
the one transformation. This is also apparent from their symbolic 
representation 


fy Vdo: [avas 
[VFde = [pus ta. 2 oS. A 


fv x Edv -= fa xFds 


It will be proved in Chapter VII. that these transformations hold 
for other meanings of V and F than those here adopted. 

16. Stokes’s Theorem. Consider a closed curve C and an open 
surface S bounded by that curve. Let n be the unit normal at a 
point P of the surface, in the sense which is positive relative to that 
in which the boundary C is supposed to be described. Stokes’s 
theorem states that for a vector function F, which is uniform, finite 
and continuous along with its derivative in any direction, the tangential 
line integral of F round the closed curve C is equal lo the normal surface 
integral of curl F over S ; that is 


[Fer 5 fionn Fds . ; ; . (9) 


Take the level-surfaces of two scalar point-functions u, v. The 
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intersections of these with the surface S are level lines of u, v 
respectively on that surface. 
Choose these functions so that 
their level lines are orthogonal. 
Then the values of u, v con- 
stitute a system of orthogonal 
curvilinear coordinates for points 
on S. Let P be the point u,v, 
and R the point u+ du, v+ dv. 
The level lines through P, R 
bound a curvilinear rectangular 
figure PQRT the lengths of whose sides are 

ds, = h,du, 

dsa = hodo, 
h,, ha being the variable parameters of the system of coordinates. 
The area of this element of surface is 

dS = hyh,dudn. 
Let 1, m be the unit vectors parallel to the axes of curvilinear 
coordinates at P, so that J. m, and n=Ixm form a right-handed 
system. Since the first two are the unit tangents to the coordinate 
lines at P, if ris the position veetor of this point, we have 


aro loer 
as, A eu 
or lar 


Os, hy 0v7 


Now, by the definition of curl F in Art. 7, 


oF UF oF 
awl F- leo | ms + ne, 

Cs, OSs an 

and therefore 

oF OF 

necturlF - n.l- | n-m- 

as, OSa 

- oF oF 


haou hye 


The normal surface integral of curl F over S is then 


I foem Fas [fmi lale, Pe 


oF or oF or 
„ *, pdudy 
Ov ou 


vr ‘a D 


ð or a ( Fr) } y 
are (BS) -7 F. an dudv, 
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Integrate the first term with respect to u (i.e. sum for all elements 
of the surface in the strip HK between the level lines v, v+ dv), 
and the second term with respect to v (i.e. sum for elements in the 
strip LM), and we wen 


Kea Ce 1 Pa), Pan) 


where dv is the DN in v in passing he P to T, and du the 
increment in u in passing from P to Q. If, however, we assign to 
dv at the points H, K, and to du at L, M, the values corresponding 
to the passage round C in the sense in which the curve was supposed 
to be described, the va) becomes 


I -KES Fz zJ ca (RF a) Pa) e) ja 


In the integration a respect to v we include every element of 
the bounding curve once; and similarly in the integration with 


respect to u. Thus 
I =|, (r-d + F-&du) 


-|F (Fao + Pau) = f Fadar . . ï 


which proves the theorem. The formula (9) is of very great im- 
portance, and the student should commit it to memory. 

Conversely, if the normal surface integral of V over the open surface 
S is equal to the tangential line integral of F round the bounding 
curve Q, for every such curve drawn in the ficld 


V =curl F. 


For, by the theorem of Stokes, the surface integrals of V and curl F 
are equal; and therefore the equation 


fav — curl F)dS = 


holds for every open surface. Thus for every element of surface 
n-(V — curl F)dS = 0, 
which shows that (V — curl F) vanishes identically. Hence this 
converse of Stokes’s theorem is true. 
17. Certain deductions from the preceding theorems. The trans- 


formation of the preceding Art. may also be used to prove the 
formula 


[axvvas = | Vdr. - . . (10) 


where V is a scalar point-function, and the other symbols have the 
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same meaning as above. For 


1 av 1aV av 
mi Yh av 
hy ôu h Ov’ 
which corresponds to i of the preceding Art. From there onward 
the steps of the argument are exactly the same. We have only to 
replace F by V and omit the dot for the scalar products, and the 
formula (10) results. The student may also prove the theorem 
by putting F = Vd in Stokes’s theorem, d being a constant vector. 
We leave this as an exercise. It will be proved in Chapter VII. 
that the formule (9) and (10) hold for other meanings of F and V 
than those here adopted. 
The identities 
curl grad V = 0 
div crl F=0f ` > 


already proved in Art. 9, may be deduced from the theorems of 
Stokes and Gauss, and their converses established. If, for instance, 
we apply Stokes’s theorem to the function VV, we find 


fn- curl grad VdS = | VV-dr 


’ 
=: 0 by (1’). 
And since this is true for every open surface S, the function Vx VV 
must be identically zero. Conversely, if curl F is identically zero, 
F is expressible as the gradient of a scalar function V. For then. 
the tangential line integral of F round any closed curve is 


| F.dr = fn- curl FdS =. 0. 


(11) 


And, this being truc for every closed curve, it follows from Art. 13 
that F is the gradient of some function V. The level-surfaces of V 
divide the region into shells or lamina; and the function F whose 
curl vanishes identically is called a lamellar or irrotational funetion. 

Again, applying the divergence theorem to the function curl F, 
we have 


[aiv curl Fda = fn- curl Feds 


for the region bounded by any closed surface S. But it is easily 
shown that the surface integral is zero, by dividing the surface S 
into two parts, 5, and S,, by any closed curve C drawn on it. The 
parts of the surface integrals over 8, and S, have equal and opposite 
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values, by Stokes’s theorem, being equal to the tangential line 
integrals of F round C in opposite directions. Thus the volume 


S, 


S, n 
Fra, 9. 


n 


integral of div curl F vanishes for the region 
bounded by any closed surface, showing that 
the integrand is identically zero. Conversely, 
if the divergence of a vector V vanishes identi- 
cally, the vector is expressible as the curl of 
another vector function. Such a vector V is 
called a solenoidal vector. 

18. Curvilinear coordinates. From the 
theorems of Gauss and Stokes we may easily 
deduce expressions for div F and curl F in 
orthogonal curvilinear coordinates. Using the 


notation of Arts. 11-12, apply the divergence theorem to the 
elementary figure bounded by the level-surfaces u, u + du, v, 7+ dv, 
w, w+ dw (Fig. 2). The lengths of the edges are hydu, hido, h dw, 


and its volume is 


dv =h,h,h,dudvdw. 


The volume integral of the divergence differs from 


hhh dududw div F . . . . i 


by a quantity of higher order than the third. 
With the previous notation we have 


F= Fiat Fb + Fe 


where a, b, ¢ are unit vectors parallel to the coordinate axes. 


value of the normal surface integral over the face PBDC is * 
—aFh,hdvdw= — Fyhyhdedw, 
and that over the face AFP’E is therefore 


a 
F hhk sdodw -H a (E hgh gdodw)du. 


The 


These two faces therefore contribute to the integral the amount 


2 op 
Bui (F yhgh,)dududw 


ii 


* If the approximation were carried further wo should write for the con- 


tribution of the face PBDC 
a a 
f= | Pyhghyodo +02 UP eghylodw)dy + taz e Jw | 
where 0, p are proper fractions. The contribution of 4 FP’E is then 


0 
pi du, 


du 


The pair of faces therefore contribute an amount which differs from ii by n» 


quantity of higher order than the third. 


§ 18] OURVILINEAR COORDINATES 29 


In the same way we tind for the contributions of the other pairs of 
faces 

a op 
and 


ant Jhyhy)dudvdw 


respectively. Equating the sum of these to the value of the volume 
integral given by i, we have 


. 1 , ô 
div F= poy- [sa lth oF) + $ (igh: Ps) + waa) | (12) 
as found in Art. 12 by a different method. 

To find the corresponding expression for curl F apply Stokes’s 
theorem to the elementary circuit PBDC described in this sense, 
and the element of the coordinate surface bounded by it. The 
normal to this surface at Pisa; and the value of the normal surface 
integral of curl F differs from 

acurl Fh,hodvudw . . . iii 
by a quantity of higher order than the second. As for the tangential 
line integral of F, the portion PB contributes * 

| bFh,dv = F hdo, 
and the portion DC, therefore the amount 


- oo. 
— Fto -+ But zhydlo yd . 


The two sides together therefore contribute 


c) 
— (hh) a‘ iV 
ow * * 
Similarly the contribution of the other two sides is 
Oa. 
an (F yh y)dodw. 


Equating then the whole of the line integral to the value of the 
surface integral given by iii, we“have 


l fro o 7 
. - zam.. | p on -= I 
a: curl F mal g Alta a sll a) | 
* More accurately the contribution of PB is 
f=[ Pahat OL (Pyhy)dv |d 


and that of DC is then -- -( ftx 2 ww). The sum of these differs from iv by 
a quantity of higher order than the second. 
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This is the scalar resolute of curl F in the direction of a. The resolutes 
in the directions of b and ¢ may be written down by permutation 
of the symbols, giving for the whole vector the value 


a 
curl F= g Zh Fs) — ia Pa| 


+r nE Pi) — eh wo) 


+E SEG F,)~ Zh Pa) | . (13) 

as already stated in Art. 12. 
19. Green’s Theorem. Let U, V be scalar point-functions which, 
together with their derivatives in any direction, are uniform and 
continuous within the region bounded by a closed surface S. Apply 


the divergence theorem for this region to the vector function UVT. 
Then since by (15) of Art. 8 


div (UVY) = VU-VV + UV?V, 


Gauss’s theorem gives 
fov ends = | (VU-VV + UVV)dw. 


_Transposing terms, and writing down a similar equation got by 
interchanging U and V, we have 


[VU-V Vado = [Onvvas - ( UV+ Vav (4) 


= | Vn-VUdS — Í VV:Udo .  . 04) 
These results are known as Green’s theorem, which is of great im- 


portance in mathematical physics. 


Equating the second members of (14) and (14’), we have the 
symmetrical relation 


[ovy _ VVU)ndS = [ovy — VVU dv (15) 


which is also sometimes referred to as Green’s theorem. The first 
member of this equation may also be written 


\("% - yeas 


ƏV 
where a denotes the derivative of V in the direction of the oulward 
normal to the surface of the region. 

A point-function U satisfying Laplace’s equation V?U = 0 is called 
a harmonic function for the region considered. If, then, U is 
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harmonic the equation (14') becomes 
| VU-V Vdo = [va-voas . oo. ad") 
while if both U and V are harmonic (15) gives 
GM — vas =O . .  . (16 
20. Green’s Formula. If P isa fixed point, andr the distance from 


. l., . . 
P to a variable point of the region, 7 wa scalar point-function. 


When P is outside the region considered, and its derivative in any 
direction are uniform, finite, and continuous, and we may put 
U = ! in the formulæ of the preceding Art. For example, (15) then 


REZAN ê -1 jes f; V?Vdw=0 . . (16) 
r On 


. 1, . . 
since — is harmonic, as shown in Art. 10. 


leads to 


If, however, P is within the region bounded by S, : becomes infinite 


at P, and the preceding theorems no longer apply to this function. 
But if we surround P by a small closed surface È, we can apply 


the theorems to the function . provided the 


region taken is that lying between S and È. 
The surface integrals must now be taken 
over the complete boundary S and È, and 
the volume integral only throughout the 
region lying between them. 

Take for the surface & a small sphere with 
centre P and radius e. Then at this surface 
the direction of the normal drawn outward Fra. 10. 


from the region is toward P, and the value of eu on & is 


on 
[20-2 
als rae Ê 
Applying the formula (15) for this modified region to the function 


U = 1 we obtain 


IRE aA ba dd = f, 129 1l 1 oF bas+ f V2Vae. 
y z- ZG 
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Over & the function ~ has everywhere the same value 7 and Z) 
the value 5 . Suppose now that we make the radius e of the sphere 


decrease indefinitely. Then since V and a remain finite over È, 


the first term on the left-hand side tends to the value 
Lt ZN. Aire? = 0 
e—>0 €E on. P 


and the second term to the value 
it — [Vre = — Ary p. 


The surface integral on the right-hand side is independent of 2. 
The volume integral applies only to the region between 2 and S ; 
but on proceeding to the limit we may ignore the difference, and 
take the whole region bounded by 8. For the infinitesimal volume 


4, . 
of the sphere contributes only the amount [V7] P3 me, which 


tends to zero with e. On substituting the limiting values of the 
terms in the above formula we obtain the result 


Lov loz 
anv = fl> -Vi (I =) es- fv Vie. . (7) 
which is sometimes called Green’s formula. It gives the value of 
a function V at any point P within the region in terms of the values 
of V and 2Y over the boundary, and the value of V?V throughout 


theregion. If thefunction V is harmonic within the region bounded 
by S, the volume integral vanishes and the formula becomes 


1a a 
AnV » -fl-3 - vė( ) Jas. ary 


Lastly, if in (17) we put V equal to unity, VeV and K both 


vanish, and the formula leads to 


(18) 


This result is due to Gauss, and the integral on the right-hand side 
is called Gauss’s integral. The point P is here supposed to be 
within the region bounded by S. If, however, P is outside the 
region the equation (16) holds, and on putting V equal to unity 
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` we obtain a/l 
faG 
Thus Gauss’s integral has the value 47 or zero according as the pole 
P is within or without the region considered. 
The geometrical significance of Gauss’s integral may be seen as 
follows. We may write 


- nvas = datas =} cos 6 ds, 
T. r r 


)a8 =0 Coe (18) 


where ô is the angle between the direction of n and that from P to 
the element of surface. Now cos 8 dS is the area of the projection 


of this element on a plane perpendicular to r ; and y2 CO8 6 dS is the 


area intercepted on a unit sphere with centre at P, by the elementary 
cone whose vertex is at P and 
whose generating lines pass through 
the boundary of the element of sur- 
face. This is called the solid angle 
subtended at P by the element, and 
is positive or negative according as 
0 is acute or obtuse. Suppose first 
that P is within the closed surface 
S. Then when we sum for all the 
elements, the integral takes in the 
whole of the surface of the unit 
sphere whose area is 4m. Thus the 
solid angle subtended by a closed 
surface at an enclosed point is equal 
to 47. If, however, P is external 
to the su. face, each elementary cone 
cuts the surface twice,* and the solid angles subtended by the two 
elements included in the cone are equal and opposite, cos 0 having 
opposite signs at the two points. The solid angle subtended by the 
whole surface at an external point is therefore zero. 

21. Green’s Function for Laplace’s equation. Let U be a point- 
function, harmonic within the region bounded by S, and having at 


Fie. 11. 


a point of the surface the value L, where r is the distance measured 
from a fixed point P within the region. Then the function 
G = 1 U . . . . (19) 
r 


* More correctly, for an internal point the elementary cone cuts the surface 
un odd number of times ; for an external point an even number. 
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vanishes at all points of the boundary, and satisfies Laplace’s equa- 
tion throughout the enclosed space, except at the point P, where it 
becomes infinite like . . This function G is called the Green’s function 


for the given region, with pole at P and vanishing over the boundary.* 
If V is another function, which is uniform and continuous along 


with its derivative in any direction, it follows from (15), since U is 
harmonic, that 


oV ðU eV, 
(0 - V5,\as - | UV?Vdv = 0. 
From this equation and the formula (17) we obtain by subtraction 
l av asl l \oz 


' that is, since L — U is equal to G, which vanishes over the boundary, 


eas + [aveVdo (0 
on 


—4rV p= [7 


If then we know the Green’s function for the region, this formula 
gives the value of a function V at any point, in terms of its values 
at the boundary of the region and the value of V?V throughout the 
region. 

In particular for a function V which vanishes over the boundary 
surface S, the first integral in (20) is zero, and we have 


—4nV, = [ev'7ae 20’) 
Suppose further that V?V is a continuous point-function, and write 
VV =f. . . . . (21) 

The equation (20’) is then 
—4aV, = (afa ek (20") 


and by operating on both sides with V? we obtain the relation 
— Anf = v2 ajao a 


We may express the above result by stating that a solution of the 
differential equation (21), which vanishes óver the boundary of the 
region, is given by (20”'), where Gis the Green’s function for Laplace’s 
equation vanishing over the boundary. 

Symmetry of the Green’s Function. The function G possesses an 


* There are, of course, Green’s functions for other partial differential 


equations, and other boundary conditions than the vanishing of the function 
as here defined. 
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important property of symmetry, according to which the value 
G(P, Q) at the point P, of the Green’s function whose pole is at Q, 
is equal to the value G(Q, P) at the point Q of the function whose 
pole is at P. To prove this apply formula (15), putting U = G(P, Q) 
and V=G(Q, P). I order to. do this we must isolate the poles 
P, Q with (say) small spherical surfaces 2, &, with these points as 
centres, extending then the surface integrals over S, X., and X, 
and the volume integral over the region bounded by these surfaces. 
Thus if T denote a current point on these boundary surfaces and 
R another in the onelosed'spaco, the formula (15) becomes 


f ke OET, P)- QT, PAG, @ Jas 
S+3+3 


= | (G(R, Q)V°G(R, P) — G(R, P)V?G(R, Q)\dv. 


Now the surface integral over S is zero because both the Green’s 
functions vanish at the boundary. Also the volume integral 
vanishes, because these functions are harmonic throughout the 
region. We have therefore only to consider the surface integrals 
over 2, and È, Let e}, e be the radii of these two spheres, their 
centres being P, Q respectively. If now we make e, and e, both 
tend to zero, the function a T, P) for points on &, becomes infinite 
like 1 — and an Sat , P) like z while G(T, Q) and êa G(T, Q) remain 
€ 
finite on 5, Similarly for points on 2%, the function G(T, Q) 
becomes infinite like = — - andy ~. f T, Q) like ps ; while G(T, P) and 
i G(T, P) remain inite. On proceeding to the limit, only the 


integral of the first term over 2, and the integral of the second over 
2X, survive, giving the result 


GP, Q) = AQ, P). 2, (23) 


The symmetrical property is thus established. 
EXERCISES ON CHAPTER II. 


| rdr = 0 
v 
independently of the origin of r; and that 


[axa 


represents twice the vector arca of an open í surface bounded by the 
closed curve. 


1. Prove that 
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2. Prove that 
} f r-nds 
is the volume of the space enclosed by the surface S. 


3. For a closed surface S, and point-functions F, V, prove that the 
integrals 


[o curl FdS and faxy vas 
vanish identically. 
4. For integration along a curve from A to B show that 
f v-(tV)vds = }(V:? — V °), 
where t is the unit tangent to the curve. 
5. From the divergence theorem deduce that 
[V-Vpdo = [pVnds — fp div Vav 
and 
[V cun Uae = [B«Vnds + fv. curl Vdv. 


6. If V = V¢ and V*¢ = 0, show that, for S closed, 
[Vide = [svonds. 
7. [fF = VV and V?V = — 47, show that 
` (Enas =- 4n| pao. 


8. By putting F= Vd in the divergence theorem, d being a con- 
stant vector, deduce (5) of Art. 15; and by the same substitution 
deduce from Stokes’s theorem the formula (10) of Art. 17. 


9. Modify the proof of Gauss’s theorem given in Art. 14 by using 
curvilinear coordinates, and find the result in terms of these. 


10. Find the value of Gauss’s integral (18) of Art. 20, inde- 
pendently of Green’s formula. i 


a . . 
11. If epz = div (kVV), and V is zero over the closed surface S, 
show that 


a 
[eo Gav = fev V)dv. 


12. Ii W = } curl V, and V = curl U, show that 
[vav =4 | UxV-nds + [Uwa 
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13. Using (7) of Art. 4 and (1’) of Art. 13, show that 
[ ovvi- - | VVU. 
14. From (16) of Art. 8 and Stokes’s theorem deduce the relation 
fun: curl vds = | Uuvedr — [Vuxvends . 
Putting v = Vv in this result, prove that 
[VuxVonas = | uvode = — | Vur. 


15. Expanding div (Vuxv) by (17) of Art. 8, and using the diver- 
gence theorem, show that 


— [Vax vndS = [Yuv nde. 


16. Prove Kelvin’s generalisation of Green’s theorem 


[wv UV Vdo = fuwv VendS ~ fov- WV V)de 


- j VWVU-nds — | VV-(WVU)de 


CHAPTER. IIL. 


ELEMENTS OF THE POTENTIAL THEORY. 
EQUATION OF THERMAL CONDUCTION. 


I. NEWTONIAN POTENTIAL. 


22. Potential due to gravitating particles. Consider two partiel 
at Q, P of masses m, m' respectively. Then, according to tl 
nt Newtonian law of gravitation, there is 

Tp force of attraction between them joint 


proportional to their masses, and inverse 


A proportional to the square of their distan! 
r apart ; or 
. mm! 
m Fe F: 
Fie. 12. 


If we choose the unit of mass as that of 
particle which, placed at unit distance from one of equal mas 
attracts it with unit force, the equation becomes simply 


——> 
Denoting the vector QP by r, we may express the force per ur 
mass at P due to the attracting particle at Q by 

r r 
which is called the intensity of force, or briefly the intensity, at t 
point P. 

Suppose now that the particle m is stationary at Q, and th 
another of unit mass moves under the attraction of the former fre 
infinity up to P along any path. The work done by the force 
attraction during an infinitesimal displacement dr of the unit ma 


is F-dr: and the total work done while the unit particle moves fre 
infinity up to P is 


rP P -m P 
s s. r r r 


Ss 
38 
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by Art. 13. This is independent of the path by which the particle 
comes to P, and is called the potential at P due to the particle of 
mass mat Q. Denoting it by V we have 


m 


l=. l 
| v=” (1) 
while the intensity of force at P due to it is 
F = v(=) =VV . . . . (2) 


The intensity at any point is thus equal to the gradient of the 
potential. 

Suppose next that there are several particles of masses m,, M2, . . . 
at the points Q,, Q», . . . relative to which P has position vectors 
r, r, . . . respectively. Then the force of attraction per unit mass 
at P due to the system of particles is the vector sum of the intensities 
due to each; that is, 


F=V(™ 2) + V(S a) + VEE... D) 


Then, by the same argument as before, the work done by the 
attracting forces on a particle of unit mass while it moves from 


infinity up to P is P 
yug | Far - a = V (ay) .  . . (0) 


Thus the potential at P due to the system of particles is the sum 
of the potentials due to each. This potential V is a scalar point- 
function, having a definite value at cach point. And, except at 
each of the points Q, it satisfies Laplace’s equation. For 


Yey = VE := zv(%)=0 a 3) 


for each of the terms = is harmonic, as already proved in Art. 10. 


23. Continuous distribution of matter. Suppose now that the 
attracting matter forms a continu- 
ous body, filling the space bounded 
by the closed surface S. If dm is 
the mass and dv the volume of an 
element of the body round the Yr 
point Q, the density p of the body 


>P 


l: . 
at that point is pa We divide the 


body into an infinite number of 
particles, the mass of the par- 


. , , Fia, 13. 
ticle at Q being din-= pdo. The 
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potential at a point P due to this is pdv/r; and, if this point is 
outside the body, the potential V there due to the whole body is 

V= pt oa A 
Similarly the intensity at P due to the body is the vector sum of the 
intensities due to all the particles, and is therefore given by 


r= v(e) - vj- . >.. 6) 


“p and dv-being constant with respect to the operator V. 

At a point P inside the body—that is, a point occupied by the 
attracting matter—the integrand in (4) becomes infinite. We define 
the potential at this point in the following manner. Surround the 
point by a closed spherical surface X, and consider the potential 

y= [ee 

sr 
due to the matter in the space between È and S. The integrand in 
this case is finite everywhere, since P is outside the region. Now 
let the surface £ decrease indefinitely, converging to the point P 
as a limit. Then since the volume of > is of the same order as e?, 


, . a 1l 
where ¢ is its radius, while the integrand becomes infinite only like z 
if p is finite, the value of the integral V’ tends to a definite finite 


limit V, which is called the potential at P due to the whole body. 
The potential at a point inside the body is thus defined by the 


equation 
y= ut je ; 


20s T 


Similarly we define the intensity F at the point P within the body. 


The function 
, 8 T 8 1 
EF = f — Pado = [G 


is the intensity at P due to the matter in the region between È and 8. 
The limiting value of F’ as X converges to the point P is what we 
mean by the intensity at P due to the whole body. This limit F 


is finite since the integrand becomes infinite only like L while the 
€ 


volume of È is of the same order as e?. 

The functions V and F, thus defined as the limiting values of 
certain integrals, are not only finite but also continuous; and the 
derivative of F in any direction is continuous at points where the 
density p is continuous. The proofs of these properties are rather 


§ 23] NEWTONIAN POTENTIAL 41 


lengthy, and would be out of place here. We refer the reader to 
Poincaré’s Potentiel Newtonien, Arts. 35-37, where it is also shown 
that the functions are still connected by the relation F= VV. In 
terms of the tendency of e to the limit zero, this equation means 
that the result obtained by differentiating and then proceeding to 
the limit is identical with that obtained by proceeding to the 
limit and then differentiating. 

At points outside the body no difficulty presents itself. The 
integrand is everywhere finite in both the integrals Vand F. The 
potential then satisfies Laplace’s equation, being equal to the sum 
of the potentials due to the individual particles, each of which 
satisfies that equation. Hence at points where p = 0, 

VY =0 . . . . (3') 

If the point P is at an infinite distance R from the c.m. of the 
body, the potential there vanishes like M/R and the intensity like 
— Mrj R?, M being the total mass of the body and T the unit vector 
in the direction from the e.m. to P. For if r is the distance of P 
from a particle of the body, and 7,, 7, the least and greatest values 
of r, we have 


| pay es > | pay 
Ty r Ye 
Hence if V is the potential at P, 
M >Ve “m 
r Ta 
On multiplying throughout by R, and observing that 
rm fı t-> To 


we find, on proceeding to the limit, that RV = M. Thus at in- 

finity the potential has the value M/R and therefore vanishes to 
the first order. 

Similarly the intensity at the point P is 

prdo a (pdv 

-- fet aja 

since the direction r from the body to an infinite point P is the same 

for all particles of the body. But, with the same notation as above, 


pdv pdv | pdv 
[fee fi > Ta? 
or, if F is the module of F, 
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Multiplying by R? and proceeding to the limit we have the result 
RF = M. 

Thus at an infinite distance the intensity has the value — Mri R?, 
and therefore vanishes to the second order. 

24. Theorem of total normal intensity. We shall now prove that 
the normal surface integral of the intensity over a closed surface drawn 
in the field is equal to — 47 times the total mass enclosed by the surface. 
This theorem, also due to Gauss, is called the theorem of total 
normal intensity. 

Let S be the closed surface, and m the mass of a particle at P. 
At a point Q of the surface the intensity due to this partiele is 


a —> 
where r= PQ and rr = PQ. The normal resolute of this intensity 
is then ` 


mn-V(=) = — le cos 0, 
r r? 


8 being the angle between the vectors rand n. The total normal 
intensity, or the normal surface 
integral of F, is therefore 


m(n-V(_)as = — m| bd 


B 


y2 


But we saw in Art. 20 that tho 
coefficient of — m in this expression 
is the solid angle subtended at P 
by the surface S, and has the 
value 47 or zero according as P 
Fie. 14. is inside or outside the surface 
Hence the total normal intensity 
due to the particle m is equal to — 4m or zero, according as the 
particle is inside or outside the surface S. | 
If the field is that due to any number of particles at different 
points, the intensity at any point is the vector sum of the intensities 
due to the separate particles. Hence the normal intensity at any 
point of the surface is the sum of the normal intensities due to the 
separate particles. The particles outside S contribute nothing to 
the total normal intensity, whose value is therefore -- 47 times the 
sum of the masses of the enclosed particles. 
Tf the distribution of matter within S is of finite density p, the 
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intensity at the point Q on the surface is 
F= - |B, 
r 


where the integral is extended over all the attracting matter. The 
total normal intensity is therefore 


[nas = fe fav as Jae 


In this expression r is the distance from the particle of mass pdv to the 
element of surface dS. For particles outside S the surface integral 
is zero ; while for a particle inside it has the value — 4m (Art. 20). 
The expression for the total normal intensity is therefore equal to 


f- 4rpdv, where the integration is extended only over the region 


inside S. The value of this expression is clearly equal to — 47 times 
the mass enclosed by S, and the theorem is thus established. 

25. Poisson’s Equation. According to Art. 23, the potential and 
the intensity are finite and continuous throughout space where the 
density p is finite, and are connected by the equation F= VV. The 
derivatives of the intensity are also finite and continuous where p 
is finite and continuous. We may therefore apply the divergence 
theorem to transform the result of the preceding Art. If S is any 
closed surface drawn within the region for which p is continuous, 
the theorem of total normal intensity gives 


[uv vas = - n| pao a (6) 


where the volume integral is extended throughout the space enclosed 
by S. Transforming the first member by the divergence theorem 


we have 
[vv Vdv = — An pdv. 


And since this is true for the region bounded by any closed surface 
S within which p is continuous, it follows that the integrands are 
identically equal, or VV = ~ 4mp . ; ; . (7) 


This relation is known as Poisson’s equation. At points not occupied 
by matter p ~ 0, and the potential there satisfies Laplace’s equation, 
as already shown. 

Conversely, given the differential equation (7), where p is a point 
function vanishing outside a finite region of space, we may take for 
a solution of the equation the function 


V: jer oo A 


? 
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where the integration is extended over the region in which p does 
not vanish, or over the whole of space since p is zero elsewhere. 


The function V defined by (8) is often spoken of as the potential 
of the scalar function p. 


We define a vector potential by means of a similar integral. If U 
is a vector point-function which is everywhere finite, and vanishes 
outside a finite region of space, then 


a | o 


is called the vector potential of the function U. If we write 


U= U i+ Uj + Uk, 
the vector potential is 


V=i [a2 + [== + xf 
. r r r 


This function V is thus a vector whose resolutes are the potentials 

of the resolutes of U. Each of the scalar potentials represented by 

the integrals in the last equation satisfies Poisson’s equation. Hence 
VV = — 4n(U,i+0,j + Uk) 

= — 4rU . . . . . (77) 


Thus V also satisfies Poisson’s equation. And conversely, a solution 
of the differential equation (7’), in which U has the properties stated. 
above, is given by the integral (9), where the integration is extended. 
throughout the whole of space, or through the region in which U 
does not vanish. 

26. Expression of a vector function as the sum of lamellar and 
solenoidal components. Let F be a vector point-function which, 
along with its derivatives, is uniform, finite and continuous, and 
vanishes at infinity or outside a finite region. It was shown by 
Helmholtz that such a function can be expressed as the sum of two 
others, one lamellar and the other solenoidal, in the form 


F=V¢+VxH . . . . (10) 
where ¢, H are point-functions. 


To determine ¢ take the divergence of both members in (10). 
Then, since div curl H is identically zero, we obtain 


div F = V*¢ . . . . i 
a solution of which, by the preceding Art., is 
l div F 
=-z| Ad. we AL) 


the .integration being extended throughout the whole of space, 
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or the region in which F is not zero. The function ¢ determined 
from i is indefinite to the extent of an harmonic function; but 
“ gince F vanishes at infinity the equation (11) gives the required 
value of ¢. For this integral, being of the nature of a potential, 
has already been shown to vanish at infinity; while the only 
harmonic function satisfying this condition is identically zero 
(Art. 28).* 
To find H take the curl of both members in (10). Then 
curl F = curl curl H = V div H— V?H. 

We now restrict the vector H desired by the condition that it is to 
be solenoidal, that is, div H=0. Then the last equation becomes 


culF=- VH . . .- ii 

and, as before, the solution of this equation vanishing at ; infinity is 
curl F 

-5f idw n ww. AR) 


the integration extending through the whole of space.t 

The functions ¢ and H are thus determined from the values of 
div F and curl F respectively, and the required resolution of F is 
then given by (10), whioh may be written 


F=- ~ gra af Ado + Fon a[n, . (10 


If F is solenoidal, fhe first integral is zero, and F is then the curl 
of a vector, as stated at the end of Art. 17. If F is lamellar, the 
second term vanishes identically, and F is the gradient'of a scalar 
function. 

27. Surface distribution of matter. Suppose that the matter is 
distributed over a surface S, not necessarily closed, in such a way 
that if 5m is the mass on an element of surface of area 5S the quotient 
6m/d58 tends to a definite finite limit o as 5S tends to zero. The 
quantity o is called the surface density of the distribution at that 
point; and the matter is said to constitute a simple stratum. The 
mass on an element of area dS is odS ; and the potential due to it 
at a point P distant r from the element is odS/r. Summing for all 
the elements of surface, we have for the potential due to the whole 
stratum at a point P not on the surface 
ods 
p 
and the value of the integral is finite and continuous. 


V= (13) 


* The theorems in Art. 28 are deduced from Green’s formuls, and are 
independent of the argument in this chapter. 

t We leave it as an exercise for the student to verify that this value of H 
satisfies the condition div H=0. Cf. Ex. 16 at end of this chapter. 
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At a point P’ on the surface the potential is defined as follows: 
Surround the point by a small closed curve C drawn on the surface, 
say a small circle of radius e. Calculate the potential V’ at the 
point due to the portion of the stratum not enclosed by C. This 
potential is finite, since there is now no attracting matter at the 
point P’. The limiting value of V’ as e tends to zero is what we 
mean by the potential at P’ due to the whole stratum. This 
limiting value is finite and equal to the potential V at the consecutive 
point P just off the surface. For though the integrand becomes 


infinite like 5, the area dS enclosed by C becomes infinitesimal like e?. 


The potential due to the simple stratum is therefore finite and con- ` 
tinuous at any point P, and remains so as P passes through the 
stratum. 

The intensity, however, is discontinuous at the stratum, the normal 
intensity 

n-VV = av 

l on 
-experiencing there a discontinuity of 470. To prove this, apply 


the theorem of total normal intensity to a small surface enclosing 
an element of the stratum. Take this surface as cylindrical, with 


n plane ends PQ, RS parallel to the 

tangent plane to the surface at the 

S R element, one just on either side of 
ee the tangent plane, their distance 


apart being negligible compared 
with the linear dimensions of the 
element of surface enclosed. The 
area of the curved part of this cylindrical surface is therefore 
negligible compared with that of the plane faces, and the theorem 
of total normal intensity gives 


F-ndS + Fonds = — 4rod8, 


where F, F, are the values of the intensity VV on either side of the 
element, and n, n, the unit normals drawn from the surface on each 


ne-n 
~. Bie. 15. 


side. .Then, since n, = — n, we deduce the formula 
(n-V V) —, aVV), = — 470, 
or 
əy aV 
(Gn), (on), 477 + 8 


the suffixes e, 7 indicating the different sides of the surface, the former 
referring to that side for which n is directed from the surface. 
28. Theorems on harmonic functions. The potential V due to 


§ 28] THEOREMS ON HARMONIC FUNCTIONS 47 


any finite distribution of matter is harmonic in free space, that is 
to say, in space not occupied by this matter. Such harmonic point- 
functions possess certain properties easily deducible from Green’s 
formule. Take a surface S enclosing a region which contains none 
of the attracting matter. Then the potential V satisfies V2V = 0 
at all points within this region. If then in Green’s theorem (14) 


(Art. 19) we take V as this potential, and put U equal to unity, 
the formula becomes simply 


[nv vas = 0 . . . . (15) 


whose interpretation is, of course, that the total normal intensity is 
zero over a closed surface containing none of the aitracting matter. 
Or, quite generally, the surface integral of the normal derivative 
of an harmonic function is zero for any closed surface within which 
the function is regular. l 

In the same formula put both functions equal to the above 
potential V. Then we obtain the result 


av 7 
[Vas = [VT - (6) 


The integral on the right-hand side represents the sum of a number 
of positive terms. Honce also the first member of (16) is an essentially 
positive function. 


Suppose now that the potential V is constant over the surface S. 
The last equation may then be written 


OV 1g Coun, 
vaas =- | (VV)2dv. 


But the first member vanishes by (15). Hence the second is also 
zero; and as this is the sum of a number of positive terms, these 
must all be zero. Thus the function VV vanishes identically, 
showing that V is constant throughout the region. Hence an 
harmonic function which is constant over the surface enclosing a region 
in which it is regular, is constant throughout that region. In particular 
if the function vanishes over the boundary of the region it vanishes 
throughout. Thus if two harmonic functions have equal values 


at all points of the boundary, they are identical throughout the 
enclosed region. 


Similarly if the normal derivative u of the potential vanishes 
ovor the whole surface, tho equation (16) becomes 


0 = fv V)2dv, 
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showing as before that V is constant throughout the region. If, 
‘then, two harmonic functions have the same normal derivative at 
all points of the boundary, their difference has zero normal derivative 
and is therefore constant throughout the region. Or, for given 
values of the normal derivative at the boundary, the value of the harmonic 
function throughout the region is determined to an addttive constant. 
Next take S as a spherical surface of centre P and radius R. 


Then if r is the distance from P, - is constant over the surface, and 


80 also is 2 G) which has the value — 1/R?. Applying Green’s 
formula (17) of Art. 20 to this region and the potential V, we have 


nV p= ilar’ yi fres: 


But the first integral vanishes y (15). Hence 


Vp= sm VAS. 


4nR? 
That is to say, the value of the potential at the centre of the sphere is 
the mean value of the potential over the surface of the sphere. This is 
true for any spherical surface which does not enclose attracting 
matter. It follows that the potential cannot have a maximum or 
minimum value at a point in free space. For if the potential were a 
maximum (or minimum) at P, its value at this point would be 
greater (or less) than the values at all points on a small spherical 


surface with P as centre, and could not then be the mean of such 
values. t 


II. EQUATION oF THERMAL CONDUCTION. 


29. Fourier’s law for isotropic, bodies. ` Consider the flow of heat 
by conduction through the material of a body. The temperature 
V: within the body is a finite and continuous point-function. 
Through any point of the body passes a level-surface of the tem- 
perature, called an isothermal surface; and at each point the 
temperature possesses a gradient VV in the direction normal to the 
isothermal surface at that point. This temperature gradient is 
a finite and continuous point-function. 

The fundamental assumption in the mathematical theory of 
thermal conduction for an isotropic body is that the direction of the 
flow of heat at any point P is normal to the isothermal surface at 
that point, and that the rate of flow of heat per unit area across 
that surface is proportional to the temperature gradient at that 
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point. We express this by the equation 
F= —kVV . . . . (17) 


where F is the flux of heat at the point P, having the direction of 
the flow, and magnitude equal to the quantity of heat per unit area 
per unit time crossing the isothermal at P. The scalar k measures 
the conductivity of the body at P, and may be either constant or a 
point-function ; while the negative sign indicates that the heat is 
passing from points at higher to others at lower temperatures. The 
assumption embodied in the equation (17) is called Fourier’s law. 

30. Differential equation of conduction. . Let p denote the density 
of the body at P, and c the specific heat, that is to say, the amount 
of heat absorbed by the matter round this point per unit mass 
per unit rise in temperature. If then dv is the volume of an element 
of the body at P, a rise in temperature of dV at this point corre- 
sponds to an absorption of heat equal to cpdvdV by the element 
Besides the conduction of heat from one point to another of the body, 
there may be a generation of heat in it due, for example, to the 
passage of a current of electricity through the body. Let M denote 
the rate of generation of heat per unit volume at the point P. Then 
Mdv is the rate of generation of heat within the above element. 

Let S be a closed surface drawn entirely within the body, and n 
the unit outward normal to it. The rate per unit area at which heat 
is flowing outward across this surface is the normal resolute of the 
flux, and is therefore given by n-F = — kVV-n. Hence the rate at 
which heat is leaving that portion of the body enclosed by S is 


- fev VendS = ~ | div (kVV)du 
by the divergence theorem. At the same time, the generation of 
heat at a rate M per unit volume produces within this region a 


quantity | Mae per unit time. Thus the total rate at which this 
portion is gaining heat from the two causes is 

| [div (VV) + MJdo. 
This gain of heat brings about a rise of temperature throughout the 
ôV 
öt 
is the rate of absorption of heat by the element of the body there, 


region. If 


. . , oV 
is the rate of rise of temperature at P, then mary 


and fot is the rate of absorption of heat by the matter within 8. 
4 
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This must be equal to the rate of gain of heat just found ; so that 


{eo edu = = | [div (kV) + MJdv. 


And since the surface S is arbitrary, this relation holds for every 
element of the body. Thus the integrands must be equal, giving 
cpg = div VV)+ M > (18) 
This is the required differential equation of heat conduction. 
If the body is homogeneous k is constant, and the equation 
assumes the simpler form 


cpr = EVV + M oe (18) 
More frequently than not there is no internal generation of heat, 


thatistosay, Miszero. In this case the equation for a homogeneous 
body becomes simply 


oe KVV. .. BY) 
where _k 
op 


is a quantity called the diffusivity or the thermometric conductivity. 

31. A problem in heat conduction. Consider a body bounded by 
a surface S. Suppose that the temperature of each point of the 
body is known at some instant, which we may take as the initial 
instant (t= 0). Denote this point-function by V,. Suppose also 
that the temperature U at the surface of the body is known every- 
where and at every subsequent instant. Thus U is both a point- 
function and a function of t. The problem of heat conduction 
then requires the determination of the temperature V at any instant 
and for any point of the body. This temperature will be a function 
of t satisfying the initial condition 

Lt V =F, 
t—>0 
and also a function of the point P satisfying the boundary condition 
that, as P moves up to coincidence with a point 7’ on the surface, 
the function V tends to coincidence with U ; or 
Lt V,=U,,. 
Pot 

The temperature V will also satisfy the differential equation (18) 
of heat conduction, in which the function M is supposed given. 

It is easy to show, in the case of no internal generation of heat 
(M = 0), that the solution of the problem is unique. For if V, and 


ey : 
nA tS 
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V, arc two different solutions, their difference 

V = Vi — V, 
vanishes identically over the boundary, and for f=0 vanishes 
throughout the body ; while it satisfies the differential equation 


ôV 
Pa = div (kV V). . . . (19) 
Considering, then, the integral 
J= tfe V2dv, 


we have on differentiating with respect to ¢ 
od OV 
z7 fee Va dv, 
p and c being independent of ¢. In virtue of (19) this may be 


written 


ad = | V div (kV V)de 


= | [div (kYVV) — k(VV)2}dv. 


The volume integral due to the first term in this expression is equal 
to the surface integral 


| kVV V-ndS, 


which is zero because V vanishes over the boundary. Hence 
ad 2 
— | kV V dv. 


Now since k is essentially positive, the value of this integral is 
positive, and therefore i is negative. But J vanishes when t = 0, 
because V is initially zero. Hence J is negative after the initial 
instant. But the integral J is essentially positive, because the 
integrand is always positive. ‘The assumption of different solutions 
to the problem thus leads to an absurdity, showing that the 
solution is unique. 

32.* Solution of the problem. We shall assume that the body is 
homogeneous, so that k is constant. Then, in the more general case 
in which M is not zero, we require a solution of the equation 


o 
poe aKhPVEM. n (18 
which takes the boundary value U and the initial value Vo. 


* This Art. is not cssential to the argument of the book. 
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Omitting the term containing ad , we first find a solution of the 


differential equation V2V+M=0.. . . . (20) 


assuming the boundary value U. This solution is obtained at ọnce 
from (20) of Art. 21, in the form 


k 


where @ is the Green’s function for Laplace’s equation vanishing 
' over the surface of the body, U being the value of V at the boundary, 
and — M/k the value of V?V throughout the body. 


Our next step is to find a solution of the equation 
av 


Br =. KV2V . . ° . (18”) 


vanishing over the boundary, and taking a prescribed initial 
value W. For this purpose assume that V is of the form 
V = ep 


where Ņ is a point-function independent of t, and À a constant 
whose value is to be determined. On substituting this value of 
V in (18) we obtain for ẹ the equation 


1 M 1 oa 
_1(QM, fofas. . . a 
y= ra dv rele (21) 


— p= NV . . . . (22) 

In virtue of formula (22), Art. 21, such a function } must satisfy 
the relation À 

= wo. . . . (23 

foun . 


G being the same Green’s function as before ; and 4 then vanishes 
over the boundary because G doesso. This equation (23) from which 
ws is to be determined, is called a homogeneous integral equation 
with y as unknown and @ as kernel. According to the theory * 


of such equations, (23) admits a non-zero solution only if da is 


equal to one of an infinite series of real numbers, called the 
characteristic numbers of the kernel. In the present instance these 
numbers are all positive. For if in Green’s theorem (14) of Art. 19 


we put both functions equal to y, which vanishes over the boundary, 
we find in virtue of (22) that 

A 

K 


[vua = fudo. 


* For the theory of integral equations the student is referred to one of the 
following: Bôcher, An Introduction to the Study of Integral Equations 
(Cambridge Tract, 1914); Heywood and Fréchet, L’ Equation de Fredholm, ete. 
(Paris, 1912); Lalesco, Introduction à la théorie des equations intégrales (Paris, 
1912); Whittaker and Watson, Modern Analysis (3rd ed.), chapter xi. 
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And since both integrands and x are essentially positive, it follows 
that the values of À for which a solution. i exists are all positive. 
Denote them by 

Ap do» As, Sarr Ans . , 


and the corresponding solutions of (23) by 


Pr Po Pas- o n Was. 
There may be several solutions 4 for the same characteristic number ; 


but in all cases these solutions can be chosen so as to satisfy the 
orthogonal relations. * 


lifm=n 
= 2 
[bein 0 if mgn ° . ‘ (24) 
and are then called the principal system of characteristic functions. 
The function W gives the prescribed initial temperature, and by 
hypothesis vanishes over the boundary. If the derivatives of W of 
the first- and second orders are also continuous,} the function may 


be expanded in an absolutely and uniformly convergent series t of 
the characteristic functions, in the form 


W = Ay + Agile t... + Anpan.. 
The coefficient A, in this Fourier series are found by multiply- 
ing both members by ¢, and integrating throughout the region. 
Then, in virtue of the above orthogonal relations satisfied by the 
characteristic functions, it follows that 


An | Wind. 


The required solution of the equation (18”) vanishing over the 
boundary is then 


V = R Anba ™ . . . . (25) 


for this assumes the value W when t= 0, and also vanishes at the 
boundary because cach of the functions ù does so. 

Having obtained the solutions (21) and (25) of the subsidiary 
problems, we may deduce that of the general problem corresponding 
to the differential equation (18’), the boundary value U and the 
initial value Vy. We first find a solution V’ of the equation (20) 
answering to the assigned boundary value U ; then, as just shown, 


* Cf Bocher, loc. cit.. Art. 12 : Floywood, loc. cit., Art. 35. 

t Any function W may be so expanded which satisfies the sarhe boundary 
condition as G, and is continuous along with its first derivatives, while its 
second and third derivatives are piccorneal continuous (that is to say, con- 
tinuous throughout each of a finite number of subregions into which the whole 
rogion may be divided). ; 
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determine a solution V” of (18’’) vanishing over the boundary and 
assuming the initial value 


W= Vo- [V-o 
The required solution of the whole problem is then 
V= V+ V”, 
which clearly satisfies (18’), and assumes the boundary value U and 
the initial value Vo. 


Nore.—The greater part of Chapter IX. is independent of the theory 
of dyadics, and can be read at this stage if desired. 


EXERCISES ON CHAPTER III. 


1. Show that the intensity, due to a thin uniform circular disc 
of surface density o, at a point P on the axis of the disc, is 27o 


(1 — cos 6) toward the centre, 26 being the angle subtended at P 
by a diameter of the disc. 


2. Show that the potential due to a solid sphere of mass M and 
uniform density, at an external point distant r from the centre, is 


x ; and hence that the intensity is a toward the centre. 


3. A homogeneous spherical shell has mass M and radii a and b 
(<a). Show that the potential due to it, at a point distant r from 


the centre, is > for an external point, and 2p (a? — b?) at an internal 


point, where the value of the density p is easily written down in 
terms of M, a and b. 


Hence show that the intensity is zero inside the shell ; and that, 


outside the shell, it is the same as if the whole of the matter were 
concentrated at the centre. 


4, From the results of the previous exercise, or otherwise, show 
that the potential inside the solid uniform sphere of exercise 2 is 


a . ge 
2mp(a? — T) at a point distant r from the centre. Hence the in- 


„4 
tensity is g7Pr toward the centre. 
Also verify that the potential satisfies Poisson’s equation. 


5. Show that two imiform spherical bodies attract each other 


with the same force as two particles at their centres, with masses 
equal to those of the two bodies. 


6. Show that the equipotential surfaces and the lines of force 


in the field due to a uniform rod are ellipsoids and hyperbolas with 
the ends of the rod as foci. 
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7. If r is the position vector of a point relative to P, show that 
the potential at P due to a body is represented by 


V= ifénpas — f r- V pdv, 


the surface integral extending over the surface of the body and the 
volume integral throughout the body. 
8. Hence if the body is of uniform density, and Poisson’s formula 
— 4rp= VV = VF 
holds, the potential at P is 
1 (iavevds = — g|- div Fas. 
87r 8r 


Thus the value of the potential may be calculated if that of the 
intensity is known at all points of the surface of the body. 


V= — 


9. If the intensity F is everywhere parallel to a given plane, and 
is constant along any line perpendicular to that plane, show that 
curl F is perpendicular to the plane. 


10. If the potential at a distance r from the origin is e-*’, show 
that the density is 
p = 2e-7(2r? — 3). 
[Use Poisson’s theorem, and (24) of Art. 10.] 


11. The equilibrium of a free isolated particle attracted by fixed 
bodies cannot be stable for all displacements or unstable for all, 
but must be stable with respect to some and unstable with respect 
to others. 


12. If two different bodies have the same equipotential surfaces 
throughout any empty space, their potentials throughout that space 
are connected by a linear relation. 


13. If two finite bodies have the same external equipotential 
surfaces and have equal masses, their intensities are equal at al 
external points. 


14. If W is a point-function, and V,, V, are two solutions of the 
differential equation 
div (WVV) = 0, 


which have equal values at all points of a closed surface S, show that 

Vi =F, throughout the enclosed space (cf. Ex. 16, Chap. IT.). 
Similarly if the normal derivatives of V, and V, are equal at all 

points of S, the functions are equal throughout the enclosed space. 


15. Deduce Poisson’s theorem by applying Green’s formula (17) 
of Art. 20 to the region bounded by a sphere of infinite radius, 
showing that the surface integrals vanish over the surface of this 
sphere. 

16. Verify that the value of H given by formula (12) of Art. 26 
satisfies the condition div H = 0. 
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The formula (12) gives the value of H at a point P, dv being the . 
volume of an element at another point Q, and r being the distance 
between these points. If V refers to variation of the point P, and 
V’ to variation of the point Q, 


1 Im 1 A 
v(;)= -peP = aP o- V G} 
Hence writing W = curl F we have 
w 1 
4nV-H = V| w= [w vG e 
r T 


by (15) of Art. 8, W being constant relative for variation of the 
point P. Then, in virtue of the above result, we may write this 


4nV-H= — fwv (Ja 


= IRAE - Sv |ao. 


The last term vanishes identically because W is a solenoidal function. 


Transforming the remaining integral by the divergence theorem 
we obtain W-n 


4r div H= — [as 


And this surface integral has the value zero, because F vanishes 


identically at infinity, or outside a finite region of space. Hence 
the vector H is solenoidal. 


17. Use Green’s formula of Art. 20 to prove that, if S is an equi- 
potential surface of an attracting system, the potential outside S is 
the same as that due to a simple stratum over S of surface density, 


g= tan = i av 

4r 4r On’ 
and that the total mass of the stratum is equal to the mass of that 
portion of the attracting system which is inside 8. Such a stratum 


is called an equipotential layer for the system. (This theorem is due 
to Chasles and Gauss.) 


18. Show that the equation (18) of thermal conduction, when 
expressed in curvilinear coordinates, is 


oV a (hh, OV ô (heh, OV o Ge OV 
bahahscea- = saa) Bae ae) t Bid hee Ta 
In particular write the equation in spherical polar coordinates and 
in cylindrical coordinates. 


19. The inner and outer surfaces of a conducting shell are con- 
centric spheres of radii 74, 72, and are maintained at constant tem- 
peratures v,, v, respectively. If the conductivity of the substance 
is a linear function f(v) of the temperature, show that the quantity 
of heat transmitted through the shell in unit time is the same as if 


the conductivity had the uniform values f ee 


CHAPTER IV. 


MOTION OF FRICTIONLESS FLUIDS. 


33. Pressure at a point. Consider any surface passing through 
the point P within the fluid. There is a mutual action between the 
portions of the fluid on either side of this surface ; and the intensity 
of stress across the surface at the point P is defined as the force per 
unit area. That is to say, if 6S is the area of the element of surface 
around P, and oF the total stress across that element, the intensity 
of stress is given by 

ôF 
Ra 6S" 
For frictionless fluids the intensity of stress across the surface is 
everywhere normal to the surface, and is therefore represented by 
pn, where n is the unit normal at the point considered and p the 
scalar intensity of stress. 

Now the value of p at a definite point P in a frictionless fluid is 
independent of n, that is to say, is the same for all surfaces passing 
through P. To prove this, consider the equation of motion of the 
fluid within the elementary k 
tetrahedron PLMN, whose 
edges through P are mutually N 
perpendicular, and parallel to 
the unit vectors i, j, k. The 
unit normal to the face LMN 
drawn outward from the tetra- j 
hedron is expressible as 

n= lit mj + nk. 
Let A be the area of this face, A 
and Á, 4s, A, those of the ? 
faces perpendicular to i, j, k 
respectively. Then, since the latter are the orthogonal projections 
of the face LMN upon their respective planes, it follows that 


A- lA, A,=mA, Ay=nA. 
57 


Fra. 16. 
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If now 7 is the average intensity of stress across the face LMN > 
and Pı Do, Ps those across the other three faces, the total forces 
across the four faces, acting on the fluid within the tetrahedron, are 
given by ~pAn, Pii, BA, FAK. 

The volume of the tetrahedron is $hA, where h is the perpendicular 
distance of P from the faceLMN. Hence if p is the average density 
of the fluid within the tetrahedron, and F the average impressed 
force per unit mass acting on it, the total impressed force on that 
body of fluid is {AA pF. 

Consider now the equation of motion for this element of fluid. 
This is obtained by equating the vector sum of all the forces on the 
element to the product of the total mass and the acceleration of 
the c.m. If then a is the acceleration of the c.m., the equation is. 

thApF — pAn + p, Aji + p,Asi + PA sk = thApa, 
which, on. division by A and rearranging, becomes 

Ipi + mp,j + npk — pli + mj + nk) = thp(a— F). 
Now let the volume of the element tend to zero, the face LMN mow- 
ing normally to itself towards the point P. Then h tends to zero ; 
and the average stress-intensities P, Pis Po, Pa have as their limiting, 
values the stress-intensities P, P}, Pa, p at the point P across planes 
perpendicular to n, i, j, k respectively. Since, then, the second 
member of the last equation tends to zero, the equation becomes 


Kp, — pi + m(p, — p)j + Ps — p)k = 0. 
The coefficients of i, j, k must therefore vanish identically; and 
since this is true for all values of l, m, n, it follows that 


P= Pi PrF Pw» 
showing that the stress-intensity at P is the same for all surfaces 
‘through that point. 

Since then p is independent of the direction of the surface, and has 
a definite value for each point of the fluid, it is a scalar point-function , 
and will be referred to as the pressure at the point P. 

34. Local and individual rates of change of a point-function. 
Let y be a (scalar or vector) point-function varying continuously 
with elapse of time. It is then a function of the position variable r 
of the point considered, and also of the time variable t. The rate 
of change of the value of at a fixed point P is its rate of change 
relative to ż, the variable r then having a fixed value. This is called 


the local rate of change at P, and is denoted by of, being the partial 
derivative of x with respect to t. 
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Suppose now that a particle of fluid always has associated with it 
16 value of 4 corresponding to the point occupied by it. Then the 
alue of this function associated with the particle at P is altering, 
artly because the value of > at P is altering, and partly because 
ne particle is moving from that point to 
nother. The rate of change of % associated 


rith the particle is called the individual rate d/a 
f change, and will be denoted by a Thus P 
d is the sum of the local rate of change HE, 


nd the rate of change due to the velocity Fra. 17. 


of the particle. Now in a short interval dt the particle moves 
-om P to Q, a distance ds such that 


—-> 
PQ = vdt = tds, 


being the unit tangent to the path of the particle. Hence the change 
1 y due to the motion from P to Q is 


CPs = t-Vpds = VeVi, 


o that the rate of change of ys due to the velocity of the particle is 
-Vys. Thus the local and individual rates of change of are con- 
ected by the relation 


. 0 


Suppose for instance we put =v, the velocity of the particle 
£ fluid at the point considered. Then the value of v associated 
vith a fixed point of the region is the value belonging to the different 
articles as they successively occupy that point. The rate of change 


f v for this fixed point is ae But if we fix our attention on a 
lefinite particle as it moves from point to point, the rate of change 
dv 


Í its velocity is the individual rate of change We and this is the’ 
vcceleration a of the particle. Thus 
dv. ov 

a= a i +v-Vv . . . (2) 


s the instantaneous acceleration of a particle of the fluid. 

35. Equation of continuity. The density p of the fluid is a point- 
unction in the region occupied by the fluid. There is an important 
cincmatical relation connecting p and v, which is a mathematical 
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expression of the conservation of mass, and is known as the equation 
of continuity. 
Consider that portion of the fluid which is contained within a 


closed surface S fixed in space. The rate of increase of the mass 
enclosed by the surface is 


ô __ [ep 
sed = [xe 


The differentiation here is local, each element of volume being 
associated with a fixed point, and p being the value of the density 
at that point. The volume dv does not vary with ¢. Now the above 
rate of increase of the enclosed mass must be equal to the rate at 
which matter is flowing into the region. If n is the unit outward 
normal to the surface S, the inward normal velocity is —n-v and 
the mass of fluid entering per second across the element dS is 


—pn-vdS. Thus the rate of increase of the mass inside S must be 
equal to 


~ Í pievd S = — | div (pv)dv 


by the divergence theorem. Equating this to the original expression 
we have 


[Ea =- { aiv (pv)dv. 


And as this is true for the region bounded by any closed surface, the 
integrands must be equal at all points, showing that 


ap a. 
ap + div (pv) =0 . a (8) 


This is the required relation. It may also be written 


ÊP L WW p+ pdiv v=0 
or dp . , 
qtedivy=0 . . . .  (3’) 


Consider a definite element of the fluid, consisting always of the 
same particles. As it moves, its mass remains constant ; or 


pdv = const. 
Differentiating logarithmically we have 


cdi de aC ti TC 


§ 36] BOUNDARY CONDITION 6) 


Hence the physical interpretation, that the divergence of the veloci, 
is equal to the time rate of increase of volume per unit volume. 
If the fluid is incompressible the density of any particle is invariable 


ae dp . 
in time, so that z is zero. The equation of continuity for an 
incompressible fluid is therefore simply , 
l div v= 0 . . . . (4) 
For all fluids there is a relation between the pressure and the 
density. A liquid is practically incompressible, so that p is constant. 
For isothermal changes of a gas p/p is constant; while for 
adiabatic changes p/p’ is constant, y being the ratio of the two 
specific heats of the gas, approximately 1-408 in the case of air. 
For the general changes of a gas p is a function of both p and the 


temperature 0. We shall here confine ourselves to the cases in 
which p is a function of p only, 


ee 
or rn) 
p= F(p) 


36. Boundary condition. At the surface of the fluid the equation 
of continuity is replaced by another kinematical relation. Thus, if 
the boundary is fixed, the normal velocity of the fluid there must 
be zero, or 


nv:=0 . . . . . i 


At a surface of discontinuity for the velocity, the normal velocity 
must be the same for particles on either side of the surface, other- 
wise a fissure would develop there. Thus if v,, V, are the velocities 
on either side of the surface, 
N-V, = DV, . . . . ii 
This relation also holds at the surface, separating the fluid from a 
moving solid in contact with it. 
More generally, if F(x, t) -: 0 is the equation of a boundary surface, 
the relation 
afr 


T ees 
ai = 9 . . . . . ii 


must hold at every point of it. For the velocity, relative to the 
boundary, of a particle of fluid at that boundary is tangential to it, 
otherwise the fluid would be flowing across it, and it would not be 
a boundary. Since then a particle at this surface is moving in- 
stantancously along it, the individual rate of variation of F for 
surface particles is zero. Hence the formula iii. 
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37. Eulerian equation of motion. Consider the fluid within a 
closed surface S, which moves with the fluid, containing always the 
same particles and therefore always the same mass. Let dv be the 
volume of an element of the enclosed region, also moving with the 
fluid and therefore containing always the same particles. Then the 
mass pdw of this element remains constant. If v is the velocity 


and A ; the acceleration of a particle of fluid, the rate of increase 


of the momentum of the above element is x 7 pdv. And if F is the 


external force per unit mass acting on the fluid, the force on this 
element is Fpdv. 

Consider now the whole body of fluid within S. The force on the 
surface element dS due to pressure of the surrounding fluid is 
—pndS. Hence, equating the rate of increase of momentum of the 
whole fluid to the total force acting on the fluid, we have 


| pile = | Fodv — | pnas 
= Gi — Vp)dv 


by (5) of Art. 15. And since this relation holds for the region 
bounded by any closed surface drawn in the fluid, the integrands 
must be identical, or 


p dt 
(6) 
= ov +v-Vv| 
ol 


This is the vector equivalent of Euler’ s three scalar equations of 
motion for the fluid. 


We may write this equation in a different form. For, by (19) of 
Art. 8, 


$V (vev) = v-Vv + vxcurl v 
Subtracting this from the second form of (6) we have 


1 
F = 5VP -- 4VV? = al —- Vxcurl v . . (6) 


a form of the equation which is frequently found useful. 
Suppose now that the external forces form a conservative system ; 


that is to say, that F is the gradient of a scalar point-function. 
Then we may write 


F= — VV. 


Further, since p is a function of the density p, we may define a 
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1 

-Vp = VP. 

pr 
Then for an infinitesimal displacement dr of the current point we 
have 1 

zar Vp = dr-VP ; 


or, by (5) of Art. 3, if dp and dP are the corresponding increments 
in p and P, we may write this 


dp _ dP. 
On integration we find then 


rf 


for the explicit expression of the function P. The equation (6’) 
then becomes i 
L vxeurl v= — V(V + P+ 4?) 

=VU . . . . . (7) 
where U = — (V + P + 4v’) 
is a scalar point-function. Or, writing curl v = 2w, we have for the 
equation of motion of a fluid acted on by a conservative system of 
forces ov 


— — = 7 . . ' . 4 
zi Qvxw= VLU (7°) 


38. Definitions. A line of flow is a line drawn in the fluid such 
that, at any point of it, the direction of the tangent is that of the 
velocity of the fluid. 

The quantity w=} curl v is called the vorticity or molecular 
rotation, for a reason that will be explained later. A vortex line 
is one whose direction at any point is the direction of w for that 
point. 

The circulation along any curved path AB in tho fluid is the 
tangential linc integral of the velocity along that path ; that is, 


B B 
| v-tds or | vedr. 
a 


A 
If the path is closed, and S is an open surface bounded by it, Stokes’s 
theorem gives for the circulation round the path 


| vedr = | n- curl vds = 2 | n-wds. 
0 


Thus the circulation round a closed path drawn in the fluid is equal 
to twice the normal surface integral of the vorticity over any open 
surface bounded by that path, and lying entirely in the fluid. 
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39. Fluid in equilibrium. For a fluid at rest and in equilibrium, 


v and a are identically zero, and the equation (6) becomes simply 
1 
F = -Vp. 
P 
When, as we have assumed, the pressure is a function of the density 
only, this may be written 
F= VP, 
so that equilibrium is then possible only when the impressed force 
F has a scalar potential —V. Then the last equation becomes 
V(V + P)=0, 
V+P = const. 
Thus, since P depends only on p, the surfaces of constant force 
potential coincide with those of constant pressure, and therefore 
also with those of constant density. In the absence of impressed 
forces the pressure is constant throughout the fluid. 
If, however, p is not a function of p only, the equation 
pF = Vp 
gives, on taking the curl of both members, 
p curl F — Fx Vp = 0. 

When we then form the scalar product of each term with F, the 
triple product arising from the second term vanishes, showing that 
F. curl F = 0. 

In this case the force F need not have a potential; but equilibrium 


is possible only when the curl of the impressed force is perpendicular 
to the force itself. 


40. Equation of energy. Consider, as in Art. 37, a closed surface 
S, moving with the fluid and therefore containing always the same 
body of fluid. Let dv be the volume of an clement consisting always 
of the same particles, so that Fedo) =. Then the kinetic energy 
of the fluid within S is 


T = 5| vende, 
and its rate of increase is 


aT | qv 
dt = fov ° 


= fov Ea — [Vpis 
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in virtue of (6). Now we may transform the last term thus. By 
formula (15) of Art. 8, 


[Ypa = | [div (pv) — p div v]dv 


d 
= | pvends — [oz 


the last step following by the divergence theorem and formula (3’) 
above. The expression for tho rate of increase of the kinetic energy 
is therefore equivalent to 

T = | pv-Fdv — [pv-nas + [r5 

The first term represents the rate at which the impressed forces are 
doing work on the fluid within S; the socond term is the rate at 
which the pressure is doing work on this fluid; while the last term is 
the rate at which this body of fluid is doing work in overcoming the 
pressure; that is to say, the rate at which it is losing intrinsic energy 
by expansion. 

41. Steady motion. The motion of the fluid is said to be steady 
when the values of the functions at any point are invariable with 
respect to the time, that is, when all their partial derivatives with 
respect to ¿are zero. On the assumption of conservative impressed 
forces, and a functional relation between p and p only, the equation 
of motion then becomes 


2wxv=—-V(V+P+ 4’). . . (8) 
And since ve = 0, the equation of continuity is 
div (pv) = 0 . , . . (9) 


The scalar product of the first member of (8) with either v or w is 
zero. Hence 

vVU=0 
and 

w VU — 0. 


Since then the gradient of U is perpendicular to both v and w, 
the expression (V -P -4 $v?) is constant along a line of flow, and also 
along a vortex line. The level-surfaces of the function U, therefore, 
contain a double system of lines, viz. lines of flow and vortex lines. 

42. Impulsive generation of motion. Suppose that there is a 
sudden change in the motion of the fluid, due to a very large impressed 
force F and a very large pressure p acting for a very short interval 
of time, so that the displacement of any particle during this short 
interval is negligible. ‘Then, on the assumption that no waves of 

5 
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compression are set up, we find on integrating the equation of motion 
(6) through the indefinitely short period of the impulses 


pz = feu — svp. 
If then vy and v are the velocities before and after the change, 
pt = {ar the impulsive impressed force,f and p* = | pat the 
impulsive pressure, we may write the equation of motion in the form 
V- Vo = F*— “Vp 


In the case of a liquid p is constant; and if the impulses are 
superficial to the liquid, F* = 0. Then, taking the divergence of 
both members of the last equation, we have in virtue of the equation 
(4) of continuity 

l V2p* -= 0. 
If the motion of the liquid were gencrated from rest by an impulsive 
pressure p*, we should have 


l 
> _ $ 
v zy. p*. 


Irrotational Motion. 


43. Velocity potential. lf the vorticity is everywhere zero the 
motion is said to be irrolational. In this case, since curl v vanishes 
identically, the velocity is the gradient of a scalar point-function, Or 

v=- V4, 
$ being called the velocity potential. The lines of flow are then 
everywhere normal to the level-surfaces of the velocity potential. 

The equation of motion can always be integrated when the im- 


pressed forces are conservative and the motion is irrotational, For 
then (7') becomes 


ey _ VU; 
etl 
that is, 
-yib vu. 
ct 
Hence 
V+ P+ kw fi -FP OOD) 


where F(t) is independent. of the point considered, and is a funetion 


+ Cf. Vol. L, Art. 73. 
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of éonly. But an arbitrary additive function of ¢ may be absorbed 
in the velocity potential, leaving V¢ unaltered. Hence (10) may be 
written without loss of generality 


V+P+ gy? — OP const. . . (10) 


at 
The equation of continuity, in terms of the velocity potential, is | 
oe pV%p = 0 . . . . (11) 
" V? — L log p =0 (11’) 
7 08 . . . . 
which, for an incompressible fluid, is simply 
V? = 0 . . ~ (11) 


In this casc, then, the theorems on harmonic functions, proved in 
Art. 28, apply to the velocity potential. 
If the irrotational motion is also steady, equation (10') becomes 


V+ P+ 4v? = const. . . . (12) 


which was previously shown to hold along a line of flow or a vortex 
line whether the motion is irrotational or not. If we are dealing 
with the steady motion of a uniform liquid under the action of 
gravity, P = p/p and V = gz where z is the height of the point above 
a fixed level. The equation (12) then becomes 


pw 
z+ a9 + 3%” const. . . . (13) 


which is known as Bernoulli's Theorem. 

44. Definition. A simply connected (or acyclic) region is one in 
which all paths connecting any two points within the region can be 
deformed into one another without passing outside the region. 

For such a region, given a closed curve lying entirely within it, 
there always cxists an open surface bounded by this curve and lying 
entirely within the region. 

Theorem 1. For the irrotational motion of a fluid in a simply 
connected region, the velocity potential must be stngle-valued. 

For, along any path joining two points A, i, the change in the 
velocity potential from A to K is 


k R 
by — ba = | Vdr = — Í v-dr, 
J al ut 


and this is the same for all paths. For if we consider the closed 
curve made up of two separate paths APR, AQR (Fig. 5), and an 
open surface bounded by this curve and lying within the region, 
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Stokes’s theorem gives 
| vedr = fn curl vd, 
0 


which is zero because curl v vanishes identically. Hence ¢,— 4 
is the same for all paths. 

Cor. In irrotational motion, the circulation round any closed path 
drawn in the fluid is zero. 

Theorem 2. An incompressible fluid filling a simply connected 
region within a rigid shell cannot have an irrotational motion relative 
to the shell. i 

Assuming such a motion possible, let v be the velocity of the fuid 
relative to the shell and ¢ the velocity potential. The equation of 
continuity is V?ġ = 0. If S is the surface of the shell bounding the 
fluid, Green’s theorem gives 


[va = | (— Vd)'dv = — [gvnas — [svegao, 


Now both these integrals vanish ; the last on account of the equation 
of continuity, and the other because at the boundary S the normal 


velocity ven relative to the shell is zero. Therefore the first member 
vanishes, or 


[va = Q, 


And since this definite integral is the sum of a number of essentially 
positive terms, the integrand must vanish identically, giving v= O 
throughout the fluid. Thus the theorem is established. 

45. Theorem 8. If a mass of liquid is set in motion by giving 
prescribed velocities to its boundaries, the kinetic energy in the actual 
motion is less than that in any other motion consistent with the same 
velocities of the boundaries. 

Let T be the kinetic energy of the actual motion and ¢ the velocity 
potential; T, the kinetic energy and v, the velocity in any other 
possible state of motion. Then div v, = 0 is the equation of con- 
tinuity. And since the boundary has the same velocity in both 
cases, the condition to be satisfied there is by Art. 36: 

DV = NV, . . . . i 
Now 


= 1p[2vv, - v) + (v, — vp Ido. 
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Now the first part of this expression may be written 
pfr —v)dv = —p [ves — v)du 


=p fraiv (vi — v) — 6 div (v, — v)]dv. 


The last term vanishes in virtue of the equation of continuity. 
Then by the divergence theorem the integral is equal to 


—p | flv, — v)ends, 
which vanishes on account of i. Hence finally 
T, -T= tefo — v)-dv, 


and is therefore positive because the integrand is positive and not 
zero. This proves the theorem. - 

46. Source, sink, or doublet in a liquid. In the theory of moving 
liquids the conception of a source is sometimes useful. A source 
is a point from which the liquid is imagined to flow out uniformly 
in all directions. The velocity is then a function of the distance 
r from the source. If the flux outward across a closed surface 
surrounding the source is 47rm, the source is said to be of “‘ strength ” 
m. A negative source is called a sink. 

The motion of a liquid due to a source in it is irrotational. For, 
by symmetry, the velocity at any point is of the form f(r)r, where r is 
the position vector of the point relative to the source, and f(r) is a 
scalar function of r. Then 


2w = curl v = Vfxr + f curl r. 


The first term vanishes in virtue of (9) Art. 5, and the second because 
curl r is zero. Thus the vorticity is everywhere zero. There is 
therefore a velocity potential 6 whose value is 
m 
p= T, 
For this makes the velocity 


giving the correct value 47m for the total outward flux across, say, 
a spherical surface with centre at the source. And the equation of 


continuity V?¢4 =0 is also satisfied, because pisa solution of Laplace’s 


equation. 
Imagine a combination of equal and opposite sources of strengths 
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and the angular momentum is equal to 

. OV. ov 

41 (ix an + j “By 

Suppose now that the element is suddenly solidified and detached. 

from the rest of the fluid. Since the impulses for this solidification 

are entirely internal, the A.M. of the element about G remains 

unaltered ; and the motion of the element relative to G after solidifica- 
tion is therefore an angular velocity A such that 


IA = 47 curl v. 


ov 
+kx =) = 4] curl v. 


Hence 
A=}4curl v= w. 


This gives the physical meaning of the vorticity w, and explains the 
name “ molecular rotation ” sometimes given to it. The motion of 
a fluid in which w is not zero is called’vortex motion or “ rotational 
motion.” 

49. Vortex tubes and filaments. As already defined, a vortex line 
is a line drawn in the fluid such that, at each point, the vector w is 
parallel to the tangent to the line. All the vortex lines jntersecting 

a closed curve bound a portion of the fluid called a 

S_4fl vortex tube. A vortex tube of infinitesimal cross- 
section is called a vortex filament. 

Suppose that a vortex tube is intersected by any 

surface, and that S is the portion of the surface 

lying within the tube. Then the value of the normal 


surface integral [waas taken over 5 is the same for 


all such surfaces. For consider the portion of the 
tube cut off by two such surfaces S and S’, andl 
apply the divergence theorem to this region and the 
function curl v. The boundary of the region con- 
sists of the end surfaces S, S’, and the curved surface 
of the tube lying between these ; and Gauss’s theorem states that 


Fie. 18. 


[o curl vds = | div curl vdv. 


Now the integrand in the second member vanishes identically. 
Also over the surface of the vortex tube n- curl v is zero, because the 
vorticity is everywhere tangential to the tube. The surface integral 
need therefore be considered only over the ends S, 9’ of this portion 
of the tube; and n has at each of these the direction outward from 
the region. If, however, we give n at both ends the same sense 
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along the tube, the above equation may be written 


| w-ndS = | wend’, 


s 8’ 
which proves the theorem. The constant value of this integral 
is called the strength of the vortex tube. In the case of a vortex 
filament, if A is the area of the normal section and w the vorticity 
at that point, the strength of the filament is Aw, where w = mod. w. 
If C is a closed curve drawn on the surface of a vortex tube, and 
enveloping the tube once only, the valuo of the circulation round the 
path, in the sense which is positive relative to w, is by Stokes’s 
theorem 


| vedr = fn curl vds 
0 


where the surface integral is extended over an open surface bounded 
by C. The value of this integral has just been proved equal to 
twice the strength of the tube. Hence the circulation is the same 
for all such curves drawn on the surfaco of the tube, and enclosing 
it only once. 

50. Kelvit’s circulation theorem. The circulation round any 
closed curve moving with the fluid does not alter with elapse of time. 

Consider a closed curve C moving with the fluid; that is to say, 
consisting always of the same particles. Let dr be the elementary 
vector joining always the same two particles P, Q, and let 


dr = tds, 
t being the unit tangent at P to the curve, and ds the longth of the 


element of are PQ (Fig. 17). The rate of increase of dr is tho 
difference of the velocities of Q and P ; that is, 


Tiar) = (dr-V)v == teVvds = Yas. 


On the assumption of a force potontial and a relation between p and p 
only, the equation of motion for the fluid may be expressed 
dv 
dt 
Now tho rate of change of the circulation round the closed curve C is 


ghra NG «lIr -|- Ve— oi) 


l ji EV(V + P) v a | 
. [ors P- dw)ds, 


0 0) 8 


~ VV + P). 
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But since the path is closed, and v?, P, V are single-valucd point- 
functions, the above integral is equal to zero. Thus the time rate 
of change of the circulation vanishes; or the circulation romains 
constant for a closed circuit moving with the fluid. 

Cor. 1. If the motion is initially irrotational, the circulation is 
zero for every closed circuit. Hence if these move with the fluid 
the circulation remains zero for each of them, and. the motion 
therefore remains wrrotational. 

Cor. 2. Take any closed circuit C drawn on the surface of a 
vortex tube and not embracing the tube. Since w-n is zero at overy 
point of the surface S of the tube, it follows by Stokes’s theorem 
that the circulation is zero round the curve C. Let the surface 8 
move with the fluid, and likewise all such circuits C. Then the 
circulation remains zero round each circuit, and therefore the surface 
S remains a surface composed of vortex lines; that is to say, vortex 
tubes move with the fluid. This is true for tubes of infinitesimal 
section. Thus voriex tubes and-vortex lines move with the fluid. 

Cor. 3. Take a circuit drawn on the surface of a vortex tube and 
embracing it once. The circulation round such a curve has been 
proved equal to twice the strength of the tube. But while the circuit 
moves with the fluid the circulation remains constant. Hence the 
strength of a vortex tube is invariable with respect to the time. 

51, Helmholtz’s Theorem. Vector potential. Let the fluid be 
supposed to extend to infinity, and to be at rest there. Then, by 
Art. 26, the velocity v at any point of the fluid may be expressed as 
the sum of a lamellar and a solenoidal component in the form 


v= V¢ + curl H, 
the values of the point-functions ¢, H at any point P being given by 
-L zl div Vow, 
H- Pa curl Viv, 
ár) r 


r being the distance from the point P to the variable point Q, at 
which is situated the element of the fluid of volume dv, and for which 
the values of div v and curl v are to be taken in the integrands. 
Thus ¢ is a scalar potential and H a vector potential. In the case 
of an incompressible fluid div v is identically zero, and therefore the 
function ¢ vanishes at all points. 

Consider the component of the velocity duc to the vortices, that 
is, the part arising from the vector potential H. In the case of an 
incompressible fluid this is the only component. This part’ of the 
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velocity is 1 TA 1 (“a 
v= gz cu [z v = x curl, > }de, 


the curl being taken with respect to P as variable point, and the 


value w of the vorticity at Q being therefore constant for this 


— > 
differentiation. Now ifr is the unit vector in the direction QP, 


r 
curl (2 a Ve A - W, 


and therefore 


Take for dv the volume of an lement of a vortex filament at Q. 
If ds is the length of this element, dS the arca of the normal cross- 
section, and u the strength of the filament, 


wdv = wdSds = wdSds = pds, 


where ds is the elementary vector of length ds and having the dirce- 
tion of w. Then since » is constant along the filament we may 


write 
v=- -E of, 


the integration extending over the whole length of the filament, and 
È denoting summation with respect to all the filaments. 

We may say, then, that the clement ds at Q, of a filament of 

strength m, produces at P a velocity 

p rds 

On Ea 

— -> 

where r is the vector QP and r its module. This velocity is connected 
with the vorticity of the filament in the same way as the magnetic 
intensity with the strength of the current producing it, the above 
expression giving the magnetic intensity at P due to the clement of 
circuit ds carrying a current of strength y/2a (cf. Chap. IX., Arts. 
116 and 120). 

52. Kinetic energy. Consider the kinetic energy of a body of 
homogeneous incompressible fluid, supposed to extend to infinity 
and to be at rest there, all the vortices being within a finite region. 
The function f is zero and v curl H. Hence the kinetic energy 
of the fluid is 


T 1) pv'de tp|v. curl H do, 


se| (div Hv | He curl v)de 
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by (17) of Art. 8. Transforming the first part by the divergence 
theorem we obtain 


T= to|Hxvnds +p | H-wdv, 
the surface integral being taken over an infinite boundary. But 


this integral vanishes, because at infinity H vanishes like 5 and v 


like = while the area of the surface of integration is infinite only 


like R?. The value of the surface integral is therefore zero. Sub- 
stituting in the volume integral the above expression for H, we have 


where r is the mutual distance between the elements dv, dv’ at which 
the vorticities are w and w’ respectively. Or if, as above, we put 


wdv = pds; Wv = pds’ 
and integrate by filaments, we have 


pe" p 


aTr r 


= 
where the integration for each variable extends over the whole 
length of a vortex filament, and & denotes summation with respect 


to all pairs of such filaments. 


EXERCISES ON CHAPTER IV. 


1. Give the Cartesian equivalents of the equation of continuity 


(3) or (3’), and of the two forms (6) and (6’) of the equation of 
motion. 


2. Express the same equations in orthogonal curvilinear coordi- 
nates ; in particular, in spherical polar and cylindrical coordinates. 


3. A body of liquid rotates with constant and uniform angular 
velocity A about a vertical axis, under the action of gravity only. 
By integrating the equation of motion show that the free surface 
is a paraboloid of revolution, with axis vertical, and that the 
vorticity at any point of the fluid is equal to A. 


4. If in the previous exercise the angular velocity A is a function 
of the perpendicular distance r from the axis of rotation, show that, 
in order that the motion should be irrotational, 


where p is a constant, and k the unit vector whose direction is 


Iv.] EXERCISES ON CHAPTER IV. TT 


vertical. Prove that the pressure is then given by 


P — const — E — gz 


where z is measured vertically upward. 


5. For a fluid moving in a fine tube of variable section 8, prove 
that the equation of continuity is 


Ž (Be) + Bpo) =0 


where v is the speed at a point P, and s the length of the tube up to 
that point. 


6. If F (r, ¢)= 0 is the equation of a moving surface, show that 
the resolute of the velocity of any point in the direction of the normal 
to the surface is 


aF 
[YF 


7. A liquid is in equilibrium under the action of an external force 
F = ply + zji + u(z + xj + u(x + y)k. Show that the surfaces of 
equal pressure are hyperboloids of revolution. 


8. If, in the steady motion of an elastic fluid under no force, the 
velocity at the point x, y, z is u(y + zji + p(z+ x)j + u(x- y)k, 
show that the surfaces of cqual pressure are oblate spheroids, the 
eccentricity of the generating ellipse being +/3/2. 


9. If the motion of a homogencous liquid be given by a single- 
valued velocity potential, prove that the angular momentum of any 
spherical portion of the liquid about its contre is always zero. 


10. For a homogencous liquid moving irrotationally, prove, with 
the notation of this chapter, that V°v" is positive, and that V2p is 
negative provided V is harmonic. Hence prove that the speed v 
cannot have a maximum value, or p a minimum value, at a point 
in the interior of the liquid. 


11. If the vorticity w at every point of an incompressible fluid 
is constant, show that V2v :='Q. 


12. On the assumption of a conservative system of external 
forces, prove Helmholtz’s formule 


o(*) o- Ww . . . . i 
dip 
(5 g (5 =), ws 
lt? p BAV p Vv p AAA i ` . n 
Taking the curl of both members of (7) Art. 37 we have 


c) 
ow t curl (w-v) 0. 
ol 


Expanding the second term by (18) of Art. 8, and using the formula 
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(1) of this chapter, we may write the result 
dw 


0= 7 +wdivv—wVv 


by the equation of continuity. On division by p this becomes 


1O = ow . . . . i 


By differentiating this we arrive at the second formula, 


13. Prove that in the steady motion of an incompressible fluid 
under the action of conservative forces, 


veVw—wvVv= 0. 


14. For a liquid whose velocity potential changes from ¢ to ¢’ 
owing to an impulsive pressure p* and impulsive forces F* = — VV*, 
show that 

p* + pV* + p(d’ — ¢) = const. 

Apply the equations of impulsive action to show that, if liquid 
be contained within a.closed surface, the circulation and the vor- 
ticity cannot be altered by any impulse applied to the boundary. 

15. In the steady motion of a liquid parallel to the ay plane under 
conservative forces, show that 


U,V", — v,V"v, = Q 


where v =vit vj 
and g2 ə 
y? = PPE + By 


16. For the irrotational motion of a liquid in two dimensions under 
conservative forces, prove that 


V? log V2p = 0. 


17. Tf v,, is the velocity of the particle at the point r relative to a 
moving frame of reference, Which is rotating about the origin with 
angular velocity A, show that the equation of motion of the fluid is 
expressible as 


1 ov OA 
F- pr? ~ (SA m + Vir VV n + 2Ayv,, | et sr- A>(Axr), 
the first term on the right-hand side being the rate of change of v,, 
relative to the moving system, ĉe. the acecleration relative to that 
system (ef. Vol. I., Art. 95). 
Prove also that the equation of continuity is 
P J p div Vp = 0. 


18. Lf in the last exercise the [uid is incompressible, the equation 
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of continuity is div v,,= 0. Show also that if A is constant the 
equation of motion may be written 


where Q? = Vp? — A'r? + (A-r). 


19. If in Exercise 17 the motion is irrotational, show that 
2 ə 
PEV + Wn? H AEV — 2 
is a function of t, the symbols having the same meanings as in Art. 43. 


20. A space is bounded by an ideal fixed surface S drawn in a 
homogencous incompressible Huid satisfying the conditions for the 
continued existence of a velocity potential d under conservative 
forces. Prove that the rate per unit time at which energy flows 
across 8 into the space bounded by it is 


21. Prove that the kinetic energy of a vortex system of finite 
dimensions in an infinite liquid. at rest at infinity can be expressed 
in the form 


2of Tx Wil. 


22. If ra 0,3 Fa Og... be the polar coordinates at time é of a 
system of rectilinear vortices of strengths My, wy... . respectively, 
prove that 

Èpr? -= const, 
and l 


a 00 n 
Lur ig Fale: 


23. Show that the kinetic energy of a body of liquid) moving 
irrotationally is 
ad 
T Sold. "ds. 
A t 
Also if f, ġ' are the velocity potentials of two distinct motions of 


the liquid, 
Od’ ral 
|e h ds [eo ý dS. 
On an 


24. Prove that the value of d at any point of a liquid is given in 


. Od) . 
terms of the values of h and |" at the boundary by the formula 
Cn. “ot 


Ifi tleh ] oyl 
S . ` A j. 
p bal on! 4 Pin) 


Futerpreb this in terms of a surface distribution of sources and 
doublets. 


CHAPTER V. 


LINEAR VECTOR FUNCTIONS.* 
CENTRAL QUADRIC SURFACES. ` 


I. Dyapics. 


58. Linear vector function. Suppose that r, r’ are two point- 
functions in a certain region. Then r is said to be a linear vector 
function of r when, for each point, the scalar components of r’ 
parallel to three non-coplanar unit vectors l, m, n are linear functions 
of the scalar components of rin the same directions. Let 


r= 1+ ym-+ fn 

r= &1+7'm+ Cn. 
Then if 

E’ = Oy E+ An + O96 

1’ = AoE + AN + Qos% 

OY = gy f + agan + asab 
where the coefficients of é, ņ, ¢ are constant, r’ is said to be a linear 
vector function of r. 

We lose no generality by taking the three directions as those of 
three mutually perpendicular (unit) vectors i, j, k. Let the direction 
cosines of the two systems of vectors with 
respect to each other be those indicated in the i j k 
table, and let —— 

r= xri+yj+zk IIL k h 

r= xi+yj+z'k M| My My My 
Then by projecting the vector r’ on a line Rj % Me Ms 
parallel to i we find 


a! = LE + mn -+ m6’ 
MACA yo + Argh) + Malty E+...) +.. 


* Tho reader who desires a more complete treatment of the linear vector 
function than is given in the present chapter is referred to Prof. B. B. Wilson’s 
admirablo and exhaustive discussion in his Vector Analysis (chap. v.), bo which 
the author is considerably indebted. 


80 
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while y’, 2’ are equal to similar linear functions of £, y, &. But 
x, y, z are also linear functions of these variables, viz. 


w= LE + myn + mg 
Y= LE + Men + ne% 
z= l4 + man + ngg. 
Therefore by eliminating €, y, č we obtain a’, y’, z’ as linear functions 
of x,y,z. We may then state that r is a linear vector function of r, 
when the scalar resolutes of the former parallel to i, j, k are linear 
functions of the scalar resolutes of the latter. Let these relations 
be put in the form 
X = AL + Any + Az 
y’ = bye + bay + baz 

| Z’ = CX + CY + C32, 

which are equivalent to 
e=ar y = pbr, z = er, 

a, b, c being the vectors whose scalar resolutes are (a,, @,, @3), 
(bi; bs, b3), and (Cy, Ca, C3) respectively. Then 

w= git yjt zk 

= rait rbpj+ rek. 

We write this more briefly 

r =r (ai-+ bj+ ck) . . . (1) 
where the expression in brackets is an operator called a dyadic, 
of which a, b, ¢ are the antecedents and i, j, k the consequents. The 
scalar product of r and any antecedont is the coefficient of the 
consequent in the same term of the dyadic. Each term of the 
dyadic is called a dyad. 

54. Dyadics. The dyadic in (1) comes after the vector r, and is 
therefore called a postfactor. But the relation between r’ and r 
might be equally well written 

r= iar- jbr-+ ker, 

a number placed after a vector having the same significance as when 
placed before it. And this is equivalent to 

r’-: (iat+jb+ke)-r . . . (2) 
in which the dyadic now precedes the vector and is called a prefactor. 
It will be notived that the dyadics in (1) and (2) are not identical, 
the antecedents of cither being the consequents of the other. Such 
dyadics arc said to be conjugate ; and any dyadic used as'a prefactor 
is equivalent to its conjugate used as a postfactor. 

Capital Greek letters D, F, Q, .. . will be used to indicate dyadics. 

8 
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Their conjugates will be denoted by ®,, Fos Q,,... respectively. 
If ® is the dyadic in (1), the relation between r’ and r is written 

r= r = Dr, 
the middle expression being pronounced “ r dot ®,” and called the 
scalar or direct product of r and the dyadic ® used as a postfactor. 

Thus any linear vector function of r is expressible in the form 
r or pr, where Ọ is a dyadic determined by the particular 
function. And conversely, this expression is a linear vector function 
of x, for its resolutes are linear functions of those of r. 

We may have dyadics in which neither the antecedents nor the 
consequents are the vectors i, j, k, while the number of dyads is 
quite arbitrary. Thus 

YP = a,b, + Ad. + aD Pae’ 
is a dyadic, whose operation upon r gives 
rel’ = Zra b 
or Por = abr = rY, 
and each of these is a linear vector function of r. For if the terms 


are expanded it is easily seen that the resolutes of cither rF or ‘fr 
are linear functions of those of r. 


Moreover, the distributive law holds for the operation of a dyadic 
upon a sum of vectors ; that is to say, 
(zr, + To) = Yr, + Yr, . . . (3) 
For, with the above notation, 
Vo(r, + r) = La d(x, + r) 
= ‘Yr, + Ferg, 
and similarly for the sum of any number of vectors. 
Also if V is either a scalar point-function or a constant scalar, 
Y.(Vr) = La be(Vr) = Via br 
= VY yr . . . . . (4) 
Thus a scalar factor is passed over by the operation of ¥. 
The sum of two dyadics F, = Lab and F, = Led is denoted by 
Y, + F, and is defined by 
Wit VY, = Zab+ Led. 
From this it is clear that 
rC |- T) ` ry, -|> rF., 


so that the distributive law holds for the direct or dot product of a 
vector and a sum of dyadics. 
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55- Distributive law for dyads. 
Definition. It 
re® = rF 
and. 
O-r = ‘f-r 
for all values of r, the dyadics ® and Y are said to be equal. 

If either vector in a dyad is expressed as the sum of two others, 
the result may be expanded according to the distributiwe law ; 
that is, 

a(b+c)=ab+ac. . . . (5) 
For whatever the vector £, 
[a(b + c)}r = a(b + c)Tr = a br + a cT 
= (a b + a c)'r. 
In the same way 
r[a(b + ¢)] = r-a(b+ ¢)=rab+ rac 
=Ir-(ab+ ac), 
and therefore the relation (5) is true. Similarly we may show that 
(a+ bje=act+be. - (5) 
Continued application of these results shows that, if each vector of 
a dyad is expressed as the sum of any number of others, the dyad 
may be expanded by the ordinary rules of algebra, provided the 
order of the vectors in each term is maintained. Thus 
(a+ b+ ...)\J+m+...)=alt+am+...+bl+bm+...+... 
For this reason a dyad is spoken of as the indeterminate or open 
product ofthe two vectors which form its antecedent and consequent. 

The negative sign with a dyad is interpreted according to the 

convention 
— (ab) = (— a)b = a( — b), 
the same rule of signs applying as for algebraic products. In agree- 
ment with the above it is obvious that 
(—a)(—b)=ab. 

Lf all the antecedents and conscquents of a dyadic Ọ are expressed. 
in terms of the unit vectors i, j, k, and the separate dyads then: 
expanded according to the distributive law, only nine different dyads 
will result; and if the like dyads are collected we may put the 
dyadic in the form 

P = aii- ay,ij+ a, ik | 
+ anii ajj + a,j K . : - (6) 
+ A5,K i+ A sok j ++ dy k E | 
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This expansion, involving nine independent dyads, is called the 
nontonsorm of ®. Clearly two dyadies will be equal if the coefficients 
of the like dyads in their nonion forms are equal. 

Any dyadic may be expressed as the sum of three dyads, of which 
either the antecedents or the consequents are three arbitrarily chosen 
non-coplanar vectors a, b, c. For if we express all the antecedents 
and. all the consequents in terms of a, b, ¢ and expand the separate 
dyads, we obtain dyads of nine different kinds in a, b, ¢. Combining 
those whose antecedents are a, those whose antecedents are b, and 
those whose antecedents are c, we may write the expansion 

alaa + a,b + ae) + b(b,a+ bob + bc) + elca t cbt ...), 

which is of the form 

aA+bB+cC. 
Similarly by combining the dyads whose consequents are a, those 
whose consequents are b, and those whose consequents are C, we 
could express the dyadic in the form 

A'a + B’b+ Oc, 
which proves the theorem. 

66. Scalar and vector of a dyadic. The scalar of a dyadic Ọ is 
the sum of the scalar products of the antecedent and consequent in 
each term of the dyadic. Thus if 


® = a,b, + a.b,+ ... 
its scalar is 
®, = a,b, + abt ... . . . (7) 

being denoted by the symbol of the dyadic with the suffix s appended. 
Similarly the vector of ® is the sum of the vector products of the 
antecedent and consequent in each term of the dyadic. Thus 

P, =a xb + axbo t onoo . . (8) 
the suffix v being used in this case.* 

The scalar and the vector of a dyadic are invariant ; that is to 
say, their values are not altered by expressing the antecedents and 
consequents in terms of other vectors, expanding the separate 
dyads, and then forming the scalar and vector of the expansion. 
This is an immediate consequence of the fact that dyads are 


expanded according to the same distributive law as the scalar 
and vector products of two vectors. 


In terms of the coefficients in the nonion form (6 )of È we may write 
D, = yy + Aog + Ogg « . . (T) 


* Gibbs used x for the vector of $. 
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and 
D, = (tag — Asai + (4g, — ara) + (Ay, — an )k - (8) 
These may also be written. in the convenient forms 
O,=iO1+jO0j+kO-% . . . (7”) 
—®D, =i-Oxi+ j-Oxj+kOxk . . (8’) 


57. Products of dyadics. The scalar or direct product of the 
two dyads ab and cd, the first as' a prefactor and the second as 
a postfactor, is denoted by placing a dot between them, and is 
defined by 

(a b)-(c d) = b-c(a d). 


It is therefore itself a dyad, whose antecedent and consequent are 
the antecedent of.the first dyad and the consequent of the second . 
respectively, the scalar product b-c of the intermediate vectors 
forming a numerical coefficient. 
The product of two dyadics is defined by the formal expansion, 
according to the distributive law, of two sums of dyads. Thus, if 
D = a,b, + a,b, + abs + r.’ 
and - 
YP = cd, + Cad, + esa 
their scalar or direct product, with ® as prefactor, is 
DF = (a,b,)-(€,;) + (aab): (Cado) +... + (Agh,)-(0,d,) 
+ (@.b,)-(C2d,) bie. Te. 
= S bm'Cn(a mda), ; 
m, n 
and is therefore itself a dyadic. And from the above definition. it 
is also obvious that, if Y, and F, are two dyadics, 
(F, +- Y) = oY, + OY, 
and } . (9) 
(Fi + F,)O = FD -+ F D 
so that the distributive law holds for the product of dyadics. 
The associative law for the product of several dyadics is also true ; 
that is, 
(DF) = 0.4.0) . . . (10) 
For, taking the product of three dyads, wo have 
[(a b)-(¢ d)]-(e £) = b-c(a d)-(e £) 
= b-c d-e(a f), 
and similarly 
(a b)-[(¢ d)-(e £)] = d-e(a b)-(c £) 
= be d-e(a £), 
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showing that the two products are equal. And since the product 
of the dyadics is obtained by the formal expansion, according to the 
distributive law, of the product of sums of dyads, the result also 
holds for the three dyadics. Since, then, the associative law (10) 
holds, the brackets are unnecessary, and we may write the product 
of the three dyadics simply Ď-F-Q. Successive applications of 
this result show that the same law holds for the product of any 
number of dyadics, provided the order of the dyadics is not altered. 

The associative law also holds for the product of a vector r with 
a product of dyadics. To show, for instance, that 


r(O.Y) = (r-O) FY, . . . (11) 
take two dyads, ab, c d, one from each dyadic. Then 
r-[(a b)-(¢d)] = r-(ad)b-c = rea b'e d. 
Similarly l 
[r-(a b)}-(ed) = r-ab-(ed) = ra beed, 
so that the two results are identical. Then, on account of the 
distributive law, the formula (11) holds for dyadics also. 


Operating on both sides of (11) with another dyadic, Q, as post- 
factor, we have 


[r (DF) = [()F]Q 
= (r-).(P-Q) . . by (11) 
= r. (F.Q). 
The result may be extended to any number of dyadics, and is true 
whether r comes first or last in the product. Thus the associative 


law holds for the product of any number of dyadics and a vector r, 


provided r occurs as an extreme factor and the order of the dyadics 
is not altered. 


58. The cross product Dxr. The cross product of a dyad ab and 
a vector ris defined by 


(ab)xr=abxr 
when the dyad is a prefactor ; or 
rx(ab)=rxab 
when it is a postfactor. Each of these is itself a dyad. Similarly 
for the dyadic © = X(a b) we have 
®xr= (a,b, + asd, +.. .) xr 
= Abi xr + a b.xr+... 
= X(a bxr), 
which is also a dyadic, and 


rx® = rxL(ab) = X(rxab). 
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It may be shown, as in the case of the direct or dot product, that 
the associative law holds for the cross product of r with a product 
of dyadics, provided r is an extreme factor in the product. For 
example 


and (12) 


(rx) T = rx (P) 
D(F xr) = a 


but the order of the factors must not be changed. 
Also, as in the case of the scalar product of three vectors where 
the dot and cross are interchangeable, we have the formulæ 
(rxs) = (D xr}s 
and. 4 . . . (13) 


(rxs)}® = r-(s.@) ` Jad é 


To prove the first let ® = D(a b). Then 
O-(rxs) = L(a b)-(rxs) = X(a b-rxs) 
== Xa bxr-s) = (Dxr):g, 
and the second may be proved in the same way. 

59. The Idemfactor or Identical Dyadic. If the scalar product 
of a dyadic Ọ and a vector r is always equal to the same vector r, 
the dyadic is said to be an Idemfactor, and is denoted by I. Thus 
if 

@Mr=r and rDd=r 


for all values of r, ® is an idemfactor. 
It has been shown * that if a, b, ¢ are non-coplanar vectors and 
a’, b’, e’ tho reciprocal set, then 


r= ra'a + rbb -i re'e 
and 

rT = raa +- rbb +ree’. 
These may be written 


r:= r-(a’a |- bb- c'e) 
and } (14) 
r- r(aa + bb’ ec’) 
for all values of r, Hence the dyadic 
a'a i b’b 4 c'e 

is equal to its conjugate, and is an idemfactor. [n particular 

l -ii+ijjikk . . . . (15) 
is an idemfactor, since the system i, j, K is its own reciprocal. When 


* CE Elem, Vector Anal, Art. 47. 
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expressed in nonion form an idemfactor must always be as in (15). 
This is casily proved by taking the nonion form (6) for the dyadic, 
and using the conditions for an idemfactor 
li=i, Lj=i, I-k=k. 
The direct product of any dyadic ® and the idemfactor is equal 
to®. For (Ir = O-(Der) = Dr 
for all values of r. Hence o.][ = È, 


and in a similar manner LO =. 


Thus the idemfactor in direct multiplication leaves either a vector 
or a dyadic unaltered. 

60. Reciprocal dyadics. When the direct product of two dyadics 
is equal to the idemfactor, the dyadics are said to be reciprocal ; 
or each is the reciprocal of the other. Thus if 


OY=l1. . . . i 
® and ¥ are reciprocal dyadics. If this relation is satisfied, then 
YO =I. . . . . fi 


is also satisfied, the order of the dyadics being reversed. For from i 
it follows that for all values of r 


r(®-YF)=r] =r, 
and therefore, because of the associative law, 
DED) = rÒ. 


Hence ¥-Ọ is equal to the idemfactor as stated. Tho reciprocal 
dyadic of Ọ is often written ®-1. Thus in the above case 


=F- and P=". 
As an example, consider the dyadic reciprocal to 
®=al+bm+en 


where a, b, c; 1, m, n are two sets of three non-coplanar vectors. 
Then, if the reciprocal sets of vectors are a’, b’, ce’; lI, w, n 
respectively, 


=la’ +m'b’ n'e. 
This is easily verified by forming the product of these dyadics and 
using the properties of reciprocal vectors. In particular the dyadics 
@Li+ bjj + ekk 
and lL. l, 1 
it polit kk 


are reciprocal, as is easily verified by forming thcir product. 


§§ 60, 61] CONJUGATE DYADICS 89 


The reciprocal of the product of any number of dyadics is equal to 
the product of their reciprocals taken in the opposite order. To show, 
for instance, that the reciprocal of ®-F is Y-1.0-1, we have only to 
show that their product is equal tol. Thus 


(DE) (F-10-1) = O (F-F-1)0-1 = 1-71 
= ğ.p-1 = I, 
proving the theorem in the case of two dyadics. And in a similar 
manner it may be proved for any number of dyadics. 

The product of n dyadics, each equal to ®, is called the nth power 
of ® and is denoted by ®*. From the theorem just proved it 
follows that , 

(D")-1=O-1.0-1. .. . to n factors 
= (D-1)" . . . . . (16) 
Thus the reciprocal of any positive integral power of Ọ is equal to 
the same power of the reciprocal of ®. 

61. Conjugate dyadics. We have already defined the conjugate 
of È as the dyadic D, whose antecedents and consequents are the 
consequents and antecedents respectively of ®. Each of these 
dyadics is therefore the conjugate of the other. It is also obvious 
that the conjugate of the sum of two dyadics is equal to the sum 
of their conjugates ; that is, 

® + F) =, + F. 

The conjugate of the product of several dyadics is equal to the product 
of their conjugates taken in the opposite order. Taking the case of two 
dyadics ®, F we have for all values of r 


r(O-F), = OF pr = (8-2) = (Fx), = r(¥-B,), 
and therefore 


OP) =o, . .  .  . (17) 


The relation thus proved for two dyadics may be extended to the 
case of any number. 
If in the theorem we take n dyadics cach equal to © we obtain 
the relation 
(r), = (M,)" . . . . (18) 
That is to say, the conjugate of the n power of a dyadic is equal 
to the n" power of its conjugate. 
The conjugate of the reciprocal of a dyadic is equal to the reciprocal 
of its conjugate ; or 
@'),=@y! . . . . (19) 
To prove this we have only to show that the product of (D-1), and @, 
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is equal to the idemfactor. Now by formula (17) 
(®"1),.0, = (0-0-4), = I, =I, 
for the idemfactor is equal to its conjugate, as is obvious from (15). 
The theorem is therefore true, and we may write either the conjugate 
of the reciprocal, or the reciprocal of the conjugate, simply ®t. 
Definition. A dyadic which is equal to its conjugate is said to 
be self-conjugate. A dyadic which is equal to its conjugate with the 
sign changed is said to be antt-self-conjugate. 
Thus if ® is self-conjugate,r-O=@r. If Y is anti-self-conjugate, 
ry = — Fer. 
62. Theorem. Any dyadic © may be expressed as the sum of a 
self-conjugate and an anti-self-conjugate dyadic. For 
= }0+90,)+40-O,) . . . (20) 
=F +Q (say). 


The first part ¥ is clearly self-conjugate, and the second part Q 
anti-self-conjugate. For 


= 4(0,—®) = -Q. 
Then for any vector r we have 
Or=Pr+OQr . . . . i 


The last term of this equation may be transformed thus. Let ® 
be expressed as 


®=al+bm-+ecn. 
Then 


Q = 40 — D.) 


= ¢(al—la+bm—mb+ cn—ne), 
and therefore 


Qr = #[(aler—lar)+ (bmer—mbr)+...] 
= — $[(axl)xr+ (bxm)xr + (exn)xr] 
= — $(axl+ bxm + exn)xr 
= — 40 xr . . . ii 
where ®, is the vector of ®. Thus i may be written 
-r= Fr- 40,xr . . . . (21) 


Y being the self-conjugate part of ®, whose value is 4(® + ®,). 
And similarly we may prove the relation 

r = rF — frx®, . . . . (21’) 
in which ® occurs as a postfactor. 


We note in passing that the vector of a self-conjugate dyadic is zero. 
For in this case ® = F, and the last term in (21) must vanish for all 
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values of r. This necessitates D,= 0. The same is also obvious 
a priori. For by interchanging antecedents and consequents we 
change the sign of every term in the vector of the dyadic. Hence 


®,= — (®,),. 
But if Ọ is self-conjugate, and therefore equal to ®,, we must have 
D, = @®,),. 


Hence the vector must be identically zero. 

Conversely, if D, is zero, ® is self-conjugate. For then (21) and (21’) 
show that Ọ =F = 4(0+ ®,); that is, O = ®,. 

68. Theorem. Any vector a, used in cross multiplication with E, 
may be replaced by a dyadic Ixa used in direct multiplication. For 

axr = ([-a)xr = (Ixa)r . . . (22) 
in virtue of (13). The expression may also be written 
[(1xa)-I]-r = [I-(ax1)}-2, 
since the dot and cross in the triple product of each term of the 
expansion can be interchanged ; and the last expression is equal to 
(axI)-r. Thus the dyadics axI and Ixa are identical. This is also 
obvious if we use the values 
a = ai + a,j + ak, 
I=ii+jj+kk, 
when each of the dyadics axI and Ixa is seen to be equal to 
a,(kj —-jk)+ a,jik— ki) + a,;(ji— ij), 
a dyadic which is clearly anti-self-conjugate. 

Hence a vector a preceding another r in cross multiplication is 
equivalent to the anti-self-conjugate dyadic Ixa or axI used as 
a prefactor to r in direct multiplication. In the same way we may 
prove that 


rxa = r (Ixa) = r(axI) . . - (22’) 

64. Theorem. Any self-conjugate dyadic may be reduced to the 
form 

Gii+ajj+a kk . . . . (23) 


where a, as, ds are scalars which may be positive or negative. 
Let the dyadic be expressed in its nonion form (6). Then, since 
it is self-conjugate, 
Qiz = Bay, Ag Ag Ags = Ago. 
Endeavour to find, if possible, a vector r such that ®-r is parallel 
tor. If 
r = xi + yj + 2k, 
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the conditions of parallelism of these vectors may be written 
At t Aye + Ay 5? _ Ant + AY + Aa _ = À (say). 
x y ` 


These again are equivalent to the equations 
Azt + (Maz — A)Y + ags = O 


Agtt Agy + (Agg — Ale = 0 
We may eliminate z, y, z from these and obtain 


(Gy, — À)£ + diay + Arg = o} 


u—A Aye ais 
A1 Ay, — À Ag 
M31 & 3, As,—A 


=0 . Ï 


which is a cubic equation in À, and therefore possesses at least one 
real root A. With this value of A any two of the equations i 
determine the ratios æ : y : z, giving the direction of a vector r 
which remains parallel to itself after being operated on by ®. The 
directions of the orthogonal vectors i, j, k are at our disposal. 
Choose i parallel to the direction just determined. Then since O-i 
is parallel to i, it follows that 


Ay, = yg = 0. 


Next try for a direction perpendicular to i and possessing the same 
property. Any vector perpendicular to i is of the form yj + zk; 
and if -(yj + zk) is parallel to this vector, we must have 

“al = Qag _ Uae tas _ u (say), 
y Z 
which may be written 7 


(Gog — uy + H = o? iji 
AgoY + (gs — wz = 0 
Elimination of the ratio y: z leads te to the quadratic 
(Gag — f)(Agg — H) — Mpg? =0 . . . iv 


for determining u. The roots of this equation are easily shown to 
be real. With a value of u equal to one of these roots, either of the 
equations iii gives the ratio y : z, which determines the direction of a 
vector possessing the required property. Take the vector j parallel 
to this direction. Then ®-j is parallel to j, which requires ao, = 0. 
Hence with the orthogonal vectors i, j, k in these directions, tho 
nonion form of the self-conjugate dyadic reduces to 


CARI i H Aao) j -+ aK k, 


as was to be proved. The coefficients a,,, Qs, 3, may be positive 
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or negative. It is also obvious that now ®-(zk) = a,,zk ; so that 
any vector parallel to either i, j, or k has its direction unchanged 
by direct multiplication with ©. These directions may be called 
the principal directions for the self-conjugate dyadic. There are 
in general only three such, since the cubic in A has only three roots, 
and we have shown that they are mutually perpendicular. 

If the equation iv has equal roots, then da= da, and Ao, = 0, 
and the roots are equal to a, = a3. The equations iii are then 
satisfied for all values of the ratio y:2; that is to say, any vector 
perpendicular to i possesses the required property. The nonion 
form of the dyadic is then 


anii+ alij + kk). 


65. Invariants. The quantity À introduced in the preceding Art. 
is the ratio of the two parallel vectors ®-r and r, the three values of À 
corresponding to the three directions for which they are parallel. 
Now this ratio depends only on the dyadic ® and the vector r, 
and is independent of the set of rectangular axes chosen for the 
expression of the dyadic in nonion form. Hence the cubic equation 
ii for determining A must be the same for all rectangular systems 
of axes; that is to say, the coefficients of the equation are in- 
variants. These are easily calculated to be 


Qir + Aag + Ags, 
Qil + AyoAgg + Aggi — Ay.” — Ag” — gy”, | 
Ay LeoAgg + 2A 2M ogAgy — Arloz? — Agolli? — Aggy”. 

The first is the sum of the terms in the leading diagonal of the 
determinant 
M1 Ayn = Ayg 
Gq, Ag, Ags 
Q31 Age Ags 


formed from the coefficients of the nonion form of.the dyadic. This 
is the scalar of the dyadic defined above, and denoted by ®,. The 
third invariant is the value of this determinant, and is denoted by 
D, or|@|. It is called the determinant of the dyadic. 


II. CENTRAL QUADRIC SURFACES. 


66. Equation of surface. The most general scalar homogencous 
expression, quadratic in the position vector r of a variable point P, 
is of the form 


L(prr + gr'a r-b) 
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where p,q, a, b are independent ofr; and this may be written 
U[r-(pl)-x + r(ga b)-r] 

= r[D(pl + ga b)}r 

=rOr 
where ® is the constant dyadic in square brackets. This dyadic 
may be expressed as the sum of a self-conjugate dyadic ‘F and an 
anti-self-conjugate dyadic Q. But for the latter 
rQ= — QT, 
and. therefore 

rQTr= —rQ-2r, 
so that the expression vanishes identically. Hence the most general 
homogeneous scalar quadratic expression in r is of the form 

r-r 
where ® is a self-conjugate dyadic. Putting this in the simple 
form proved always possible in Art. 64, we may write the quadratic 
expression 
¥+(@ii+ ajj + aK E)r 
=0] L? + AY? + Ag’. 
Points for which this quadratic expression has a constant value 

lie on the surface 

r-r = const . . . . (24) 
or 

az? + aay? + azz? = const, 


which represents a central quadric surface with centre at the origin. 
If the coefficients a,, a, 43 are all positive, and the constant valuc of 
the expression also positive, the surface is an ellipsoid. If one of 
the coefficients is negative, the surface is an hyperboloid of one shect ; 
if two are negative, an hyperboloid of two shcets. The most im- 
portant case physically is that of the ellipsoid, for which ® may be 
put in the standard form 
wiit i+ Gkk. 

67. Tangent plane. The cquation (24) for the central quadric 

may be written with equal generality 


rOr=1l. . .  .  . (285) 


for the dyadic may be divided by the value of the constant. We 
take this as the standard form of the equation for a central quadric 
surface. 


Consider the points of intersection of the surface with the straight 
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line through the point D parallel to the unit vector b. The equation 
of this line is 


r=d-+ tb . . . . (26) 
where d is the position vector of D. The values of r for the points of 
intersection satisfy both (25) and (26). Eliminating r between the 
equations, we find for the values-of t corresponding to the points of 
intersection the quadratic equation 


(d + th)-®-(d + th) = 1; 
#2(b-D-b) + 2t(b-@-d) + d-O-d = 1 . (27) 


since © is self-conjugate. The straight line therefore cuts the surface 
in two points, 


that is, 


d+it,b, d+ tb, 
real or imaginary according as the roots th, t, of (27) are real or 
imaginary. 

If D is a point on the quadric surface, d-D-d = 1, and one root of 
(27) is zero. In order that the straight line should touch the surface 
the other root also must be zero, for a tangent line intersects the 
surface in two consecutive points. For this to be the case we must 
have 


bOd = 0. 
If r is any point on the straight line (26), this condition is equivalent 
to (r—d)@d=0 . .  .  . (28) 


This is the equation of a plane through the point d perpendicular to 
p.d; showing that all tangent lines through d lic on this plane, 
which is therefore the tangent plane at that point. Since d lies on the 
surface, and therefore satisfies (25), the last equation may be written 


r-D-d = 1. . . . . (29) 
which we take as the standard form of the equation of the tangent 
plane at the point d. The vector 

Dd =N (say) 
is perpendicular to the tangent plane, and therefore normal to the 


surface at the point d. The length p of the perpendicular from the 
centre to the tangent plane (29) is (Vol. 1., Art. 30) 


oe l 
where N is mod. N; and the veetor perpendicular is 
N od 


P- PH (D-d)? ` 
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It was shown in Art. 64 that there are three directions for which 
®.d is parallel to d ; that is, three directions to points on the surface 
whose position vectors are parallel to the normals at the points. - 
These directions are those of the principal axes of the surface. 

68. Condition of tangency. Let us find the condition that the 
plane 

rn=q . . . . (80) 
should touch the quadric surface. If it is a tangent plane at the 
point d, it is identical with the plane (29). This requires 


qgD-d =n; 
that is 
qd = O-1-n. 
And therefore, since the point d lies on the plane (30), 
n-O-ln = gden =q? . . . (81) 


which is the required condition of tangency. If ® is expressed in 
the standard form (23), 


a .. I 
-1 = liig lj + —kk. 
. ai ao) as 
To find the locus of the point of intersection of three mutually 
perpendicular tangent planes, let the equations of the planes be 
rn, = Vn,-O-'n, 
rn, = Vn,-O-1n, 
rn, = Vn,-@-'-n,, 
in which n,, n, Nn, are unit vectors, mutually perpendicular. On 
squaring and adding these three equations we have 
r? = nOn + n,-O--n, + nD- 
=p! by (7) 
l 1 1 
— + 


Gy A, As 
Hence the required locus is a sphere with centre at the origin. 
69. Polar plane. The tangent plane at the point d is given by 
(29). If this passes through the point h, then 
h-®-d = 1. 
Further, every point such as d, the tangent plane at which passes 


through h, satisfies this relation and therefore lies on the plane 
whose equation is 


h-O-r = ] . . . . (32) 


This is callcd the polar plane of the point h, and is perpendicular 
toh. It cuts the quadric surface in a curve C, which is the locus 
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of those points whose tangent planes pass through h. The lines 
joining h to points on C form the tangent cone from the point h to the 
surface, touching the surface along the curve C. 

If the polar plane of the point H passes through G, then the polar 
plane of G passes through H. Let b, g be the position vectors of 
these points. Then if G lies on the polar plane of Æ, 


h-O.g = 1. 
But since ® is self-conjugate, this relation is symmetrical in h, g, 
showing that H lies on the polar plane of G. 


Any straight line drawn from the point H to intersect the surface 
is cut harmonically by the 


Q 
surface and the polar plane 
of H. The equation of such ^ 


a line is 


r=h + tb C 
where we take b as a unit AN 


vector ; and then the value 
t, of ¢ for the point S at 
which this line cuts the polar plane is given by 


h.®-(h +- ¢;b) = 1; 


Fie. 19. 


that is, 
L= 1 — h.h 
1O hb '’ 
Similarly the values t, and t, of ¢ for the points P, Q at which the 


same line cuts the surface are the roots of the equation (27) with 
h in place of d. Hence 


l l obti 2b-®-h _2 
ty + ty i tola 7 (h-O-h 7 1) ty 


But ti, t, t measure the lengths of HS, HP, HQ respectively, and 
therefore 
1 1 2 


HP * HO” HS’ 
which proves the theorem. 

70. Diametral plane. Conjugate diameters. Consider again the 
points of intersection of the quadric surface (25) with the straight 
line through the point d parallel tob. The roots of the equation (27) 
will be equal and opposite if 


b-O-d = 0, 


and d will then be the mid-point of the chord of intersection. This 
7 
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relation shows that all points such as d, bisecting the chords parallel 
to b, lie on the plane whose equation is 
. b-@-r-= 0 . . . . (33) 

This plane, which passes through the centre of the quadric surface 
and is perpendicular to b-®, bisects all chords parallel to b, and is 
called the diametral plane for such chords. It is parallel to the 
tangent planes at the ends of the diameter which is parallel to b. 

Since the origin O is the centre of the quadric surface, the 
symmetry of the equation (33) shows that if the point Q is on the 
diametral plane of OP, then will P be on the diametral plane of 
OQ. Further, let OR be the line of intersection of the diametral 
planes of OP and OQ. Then since the diametral planes of OP and 
OQ pass through OR, that of OR will pass through P and Q, and 
will therefore be the plane POQ. Thus the plane through any two 
of the three lines OP, OQ, OR is diametral to the third. Three 
such planes are said to be conjugate, and their lines of intersection 
are called conjugate diameters. 

Let a, b, ¢ be three points on an ellipsoid at the extremities of 


conjugate diameters. Then since each lies on the diametral planes 
of the other two, 


aO-b=b®c=cD-a=0 . . . (34) 
And because each point is on the ellipsoid, 
aDa=bOb=cOc=1 . . . (35) 


From these relations it follows that the three vectors 
a’=QD-a, b =0-b, =e 


are the reciprocal system to a, b, ¢ (Vol. I., Art. 47). 
these the dyadic ® may be written 


® = a'a’ + bb + ee, 
for this satisfies (34) and (35) identically ; while it follows by Art. 60 
that ®'=aatbb+ee. 
Again, writing the dyadic ® for the ellipsoid in the standard form, 


In terms of 


_ii jj kk 
p= ptpt E 
we may introduce another, 
yii, ji kk 
Peat ete 


such that ¥? = P. The relations (34) and (35) are then equivalent 
to (aF) (F-b) = (bF)-(Pee) = (CF) (F-a) = 0 
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and (af)? = (bP)? = (oF)? = 1 , . (35°) 
from which it follows that 
aF, bF, of 
are three mutually perpendicular unit vectors. The equation of 
the ellipsoid itself is 
L=rQ-r = (rF) (Fr) = rF}. 
Thus if r is a point on the ellipsoid, the vector r’ =r.¥ is one of 
unit length, so that the point r’ lies on a unit sphere. We may then 
say briefly that the dyadic Y transforms the ellipsoid into a sphere ; 
three conjugate diameters of the ellipsoid transforming into three 
mutually perpendicular diameters of the sphere. 
The sum of the squares on three conjugate diameters of an ellipsoid 
is constant. For with the above notation, and writing aY = a”, 
bF = b”, and eY = ¢”, we have 
at + b+ e= (VP-P) + (bP) ib) + 
= a Dha” + b-b” + e D-Le”, 
And since a”, b”, c” are mutually perpendicular unit vectors, this 
expression represents the scalar of ®-1, whose value is a? + b2- c°, 
Hence the theorem. 
Other theorems may be established in a similar manner: but we 
have done sufficient to illustrate the vector method. 
71. Reciprocal quadric surfaces. Consider the quadric surfaces 
rO@r=c . . (36) 
sO'g=c’ . . (37) 
whose self-conjugate dyadics are re- 
ciprocal, and whose constants c, c’ arc 
connected by the reciprocal relation 
cc’ = el 
where e is a constant. The tangent 
plane to the first at the point P, whose 
position vector relative to the centre 
O isr, is 


R-@-r = c 


where R is the current point on the 
plane ; and the length of the perpendicular OQ from the centre 
to this plane is * 


Fria. 20. 


j 
P Tod bar’ 


* In tho results of Art. 67 we have only to replace p by > tb, 
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. l —> 
If P’ is the point s on the quadric (37) in the direction OQ, then 
s = k®-r where k is some scalar. Hence 


-ts = kO-1.D-r = kr, 
showing that the tangent plane at P’ to the quadric (37) is perpen- 
dicular to r; that is to say, OP cuts this tangent plane at right 


angles. Thus if OP’ is perpendicular to the tangent plane at P, 


then OP is perpendicular to that at P’. The relation is therefore 
a, reciprocal one. 


a —-> 
Moreover, the unit vector s in the direction OQ is ®-r/mod ®-r. 
Hence the length J of OP’ is given by 
PS-LS = c! ; 

that is, 

en P(r-D).O-1.(O-r)  Pr-O-r 

E (®-r)? (0r) 
The numerator of this expression has the value lc, while the 
denominator is equal to c?/p?. The whole expression therefore 
has the value /?p2/c, showing that 


Pp? = cc’ = ef; 

that is, 
0Q.0P’ = lp = e. 

Similarly we may show that 

OP.0Q' = e. 
Thus P’, Q’ are inverse points to Q, P respectively in a sphere of 
radius e and centre O. The points P, P’ are the poles of P’Q’ and 
PQ respectively with respect to this sphere ; and the qnadric surfaces 


(36) and (37) are said to be reciprocal to each other with respect to 
this sphere. 


EXERCISES ON CHAPTER V. 
1. Show that 0.Q, is self-conjugate ; and that 
(xa) = — ax®,. 
2. Show that 
(Ixa) = ax® 


and 
(axI)-O = ax®, 
3. If D-r = 0 for three non-coplanar values of r, show that ® = 0. 
4. Prove that 


abye+ bexa+ caxb= fabe]] 
= bxea+ cxab+ axbe. 
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5. Show that 
(OF .Q), = (EQO), = (QOF), 


6. If the dyadics ®,, D., Dy, ... are small (that is to say, one 
vector in each dyad is small), prove that, neglecting squares and 
products as well as indeterminate products of small vectors, 


(+ ,)-(1+®,)... (1+ ,)=14 3, 
1 


and that 
(I + @,)” = J + n®,. 


If ® is small, prove that, to the same order of approximation as 
above, (I + ©) and (I — ®) are reciprocal. 


7. Show that the dyadic (I+ aii+ bjj + ckk), in direct multi- 
plication with vectors parallel to i, j, and k, leayes their directions 
unaltered but increases their lengths in the ratios 1 + @:1, 1+ 6:1, 
1+c:1 respectively. 


8. If 
= [+ -ly v 
J? 
and 
1 er 
~=all—— 
B Ni e? 
prove that 
. 2 
p? = I +- By v 
c 
and 


p1 = J — Cag Vv ~ 0- Evy. 


? 


Also show that ® “ stretches’? vectors parallel to v in the ratio 
B:1, but loaves vectors perpendicular to v unaltered. 


9. With tho same notation as in the last Ex. if 
r’ = Or — Biv 


and 
T 
M woe alt 7 a `, 
prove that 
r= @-r’ + Bt’v 
and 


é 
t. gle -|- we 


10. In the case of a rigid body moving about a fixed point (the 
origin) with angular velocity A, show that the A.M. about that 
point is 

H = Xrx(mAxr) = P-A 
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where 
® = Smr] — rr), 
and that the kinetic energy is 
T = 42m(Axr)? = 4A-0-A = $A-H. 


11. Show that the volume of a parallelepiped, whose edges are 
three conjugate radii of an ellipsoid, is constant: 


12. Give the Cartesian equivalents of the relations (34) and (35). 


13. The sum of the squares of the reciprocals of the three perpen- 
diculars dropped from the origin upon a system of three conjugate 
tangent planes of an ellipsoid is constant. 


14, The equation of the plane through the points a, b, ¢ at the 
extremities of three conjugate diameters of an ellipsoid is 
r-@-(a+b+¢)=1. 


15. The locus of the centroid of the ends of three conjugate semi- 
diameters of an ellipsoid is a similar ellipsoid. 


16. Prove that the tangent planes at the extremities of three 
conjugate diameters of an ellipsoid meet on a similar ellipsoid. 


17. If the sum of the squares on the lines joining a point P to the 


six ends of three conjugate diameters of an ellipsoid is constant, the 
locus of P is a sphere. 


18. Chords of a central quadric which are bisected by the point d 
lie in the plane 
r- d)-D-d = 0. 
19. The necessary and sufficient condition that the quadrics 
rOr=1, rYr= 1 
be confocal, is that O-1and Y- differ by a multiple of the idemfactor. 
20. If two confocals intersect they do so orthogonally. 


21. If r’ = Êr, find the locus of the point r’ when the point r lies 
(i) on the plane ren =q (a plane) ; 
(ji) on the straight line r= a+ tb (a straight line) ; 

(iii) on the sphere r? = a? (an ellipsoid) ; 

(iv) on the ellipsoid r-@-r — 1 (a reciprocal ellipsoid). 


CHAPTER VI. 


THE RIGID BODY. 
INERTIA DYADIC. MOTION ABOUT A FIXED POINT. 


I. The Inertia Dyadic. 


72. Moments and products of inertia. Second moments. The 
moment of inertia of a rigid body about a given axis, and its products - 
of inertia relative to a set of rectangular axes through a given point, 
were discussed in our elementary volume, Arts. 90-91. We shall 
here consider them from a different point of view. 

Let m be the mass of a particle of the body at P, and r its position 
vector relative to a fixed point O. The second moment or moment 
of inertia of the body about an axis through O parallel to the unit 
vector ais equal to Ump?, where p is the length of the perpendicular 
PN from P to the given axis, and the 


. P 
summation includes all the particles of the m 
body. But (Fig. 21) a 
p’ = (rxa)?, r 
and therefore N 
Enp? = Dmr x8)? 

-- Smr? -- (rea)? 

= a[Em(r]- rr)j-a O 

= a.a Fra. 21. 


where the self-conjugate dyadic ® is defined by 
D = Sm(r?*l—rr) . . . . 0) 
and is called the inertia dyadic relative to the point O. Thus for 
an axis through O parallel to the unit vector a, the moment of inertia 
or second moment is given by a-a. If this expression has the 
value Mk? where M =>m is the mass of the whole body, k is called 
the radius of gyration of the body about the axis considered. 
It will be found convenient to define the second moment or 


product of inertia of the body about a pair of axes through O parallel 
103 
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to the unit vectors a, b as equal to a-O-b. This makes the moment 
of inertia a particular case of the product, for which the axes are ` 
coincident. And in the case of rectangular axes through O parallel 
to i, j, k, we then have for the product of inertia relative to the last 
two. 

j-O-k = j[Em(r°"] — r r)}-K 
— Im(r-j)(r-K) 

= — myz, 

which is of opposite sign to the product as usually defined. How- 
ever, considering the generality of definition, the uniformity gained 
in treating moments and products of inertia, and the “ eruption ” of 
negative signs that will be apparent from the following, it seems 
worth while to make this change in the current practice.* 

73. Theorem of parallel axes. Let G be the centre of mass of the 
body, F its position vector relative to O, and r’ that of P relative 
to G. Thenr=f+r’. The dyadic ® for the point O may then 
be written. 

® = Um(r*I — rr) 
= Em (E + Wer’ + re — (FF+ Er + rF+r'r’). 
Now since G is the centre of mass 


LmEr’ = Pmr = 0. 
Similarly “Umi vr’ = Emr = 0 
and Emr? = (Lmr’)r = 0. 


Omitting these zero terms from the dyadic we have 
® = Im(F?I — FF) + Um(r’? I — r'r) 

=Ď04+0. . . . (2) 
where ®’ is the inertia dyadic relative to G, and ® that relative to O 
when the whole mass M = Xm is supposed collected at G. Therefore 
a-O-a = a-O-a + aO’-a . . . (2') 
The first member is the moment of inertia I about an axis through O 
parallel to a; the last term is the moment of inertia I’ about a 
parallel axis through the c.m. The middle term, being the moment 
of inertia about the former axis of a particle of mass M at G, is 


equal to Md*, where d is the perpendicular distance between the 
parallel axes. Hence 


I= I'+ Md?, 
which is the theorem of parallel axes. 


* This suggestion is due to Prof. J. H. Michell, F.R.S. 
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Similarly for the products of inertia about pairs of axes through 
O and G parallel to a and b we have 


aO-b=aQObtad-b  . . . (2) 


74. Ncnion form of ®. When expressed in terms of the unit 
vectors i, j, K, let D take the form 


® = Aii+ Bjj+ Ckk+ Dijk+kij)+ Bki+ik) + F(ij+ji) (3) 
the coefficients in conjugate dyads being equal because the dyadic 
is self-conjugate. From this it follows that 

A=i0i, B=jOj, C=k@-k, 

D=j0-k, H=kQi, F=i-O.j. 
That is to say, A, B, C are equal to the moments of inertia about 
axes through O parallel to i, j, k respectively ; while D, #, F are 
the products of inertia about axes through O parallel to j and K, 
k and i, i and j respectively. If in the expression (1) for ® we put 
as usual ) 

r= xvi + yj + zk, 
we easily calculate the values of these coefficients to be 
A= imy? + 2?) B= Lm(z?+ x?) C= Emx + y?), 
= — Lmyz, = — Dmen, F= — Xdmxy. 

Using the value of ® given by (3), we find for the moment of inertia 
about an axis through O parallel to the unit vector a = li + mj + nk 
the expression 

I(a) = a-a 
= Al?+ Bm? + On? + 2Dmn + 2Hnl + 2Flm. 
Similarly if b= U/i+ m'j + n’k is another unit vector, the product 
of inertia about axes through O parallel to a and b is 
P(a, b) =a-®-b 
= AW. +- Bmm’' + Cnn’ + Demn’ +m’'n) 
+ Enl + nl) + F(lm' + I’m). 
It was shown in Art. 64 that a set of rectangular unit vectors 


i, j, k could always be found in terms of which the self-conjugate 
dyadic ® took the simple form 

® = Aii+ Bjj + Ckk . . . (4) 
The coefficients A, B, C are the moments of inertia about axes 
through O parallel to i, j, K respectively, and are always positive and 
finite. We call these axes the principal axes of inertia at O, and 
A, B, C the principal moments of inertia at O. The products of 
inertia relative to these axes are all zero, for j-O-k, ete., now vanish 
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identically. It was also shown in Art. 64 that, if the quadratic in 
u had equal roots, any direction perpendicular to i was a principal 
direction for the dyadic, and two of the coefficients in the form (23) 
of that Art. were equal. In this case any axis through O perpen- 
dicular to i is a principal axis, and two of the principal moments of 
inertia B, C are equal. The reduced form for Ọ is then 
® = Aii+ Bijj+kk) . . . (4) 
Consider the principal axis of inertia at O parallel to i, and any 
perpendicular axis through O, e.g. parallel to the unit vector fj + gk. 
Then the product of inertia relative to these is 
i-O-(fj + gk) = fi-D-j + gi-O-k 
= Q. 
Thus the product of inertia with respect to a principal axis and any 
perpendicular axis through O is zero. 
75. Momental ellipsoid, and ellipsoid of gyration. Consider the 
quadric surface 
rOr=Met . .  .  . (8) 
where ® is the inertia dyadic for the origin O, M the mass of the 
body, and e a constant. Let P be the point of the surface whose 
position vector is r= rt with the usual notation. Then (5) is 
equivalent to 
Met 


r-O-r = 
r? 


But the first member is equal to the moment of inertia of the body 
about the axis OP, and is finite for all axes, and never zero. Hence 
r is finite for all points on the surface, which is therefore an ellipsoid 
with centre at O. And the moment of inertia (M.1.) of the body 
about an axis through O is inversely proportional to the square of 
the semi-diameter of the ellipsoid along that axis. This ellipsoid 
is called the momental ellipsoid of the body at the point O. Its 
size depends on the choice of the constant e; but its shape is 
determined only by the distribution of mass about the point O. 

Consider now the quadric surface reciprocal to the momental 
ellipsoid (5) with respect to a sphere of radius € and centre O. In 
virtue of Art. 71 this reciprocal surface has for equation 


s-s = a . . . . (6) 


The two surfaces are such that if P’ (Fig. 20) is a point of (6) lying 
on the perpendicular from O to the tangent plane at P, then P lies 
on the perpendicular from O to the tangent plane at P’. Also 
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P’, Q' are inverse points to Q, P respectively with respect to the 
sphere of radius e ; so that 
0Q’.OP = e? 
or 
p = = 


The above value for the M.I. of the body about OP is therefore © 
equivalent to 

I(t) = ue = Mp” . . . . (7) 
Thus the M.I. of the body about the axis OP is proportional to the 
square of the perpendicular OQ’ to the tangent plane at the corre- 
sponding point P’ on (6). From (7) it follows that the length of 
this perpendicular is equal to the radius of gyration of the body 
about OP. In particular when OP is an axis of the momental 
ellipsoid, that is, a principal axis of inertia at O, it is also an axis 
of the ellipsoid (6), and p’ is the length of the semi-axis of (6) in 
this direction. Thus the semi-axes of this ellipsoid are equal to the 
radii of gyration of the body about the principal axes of inertia at O. 
Hence the name ellipsoid of gyration which is given to the reciprocal 
surface (6). . 

76. Principal axes at any point. Binet’s theorem. Take the 
centre of mass of the body as origin, and let r be the position vector 
of the point P. If ® is the inertia dyadic 
for the c.m., that for the point P is 

Y=O0+ M(riI-rr). . i 
by Art. 73. Let us endeavour to find the 
principal axes of inertia at P. 

If the unit voctor a is parallel to a prin- 

cipal axis at P, the normal to the momental 


& 


ellipsoid for P, at the point in the direction r 
of a from P, must be parallel toa; that is 
F-a = ìa. . . i 
where À is a scalar factor. This requires G 
ala = À, Fra. 22. 


so that A is the corresponding principal M.I. at P. Denote it by 
Mk?, where k is the corresponding principal radius of gyration at P. 
Substituting in ii the values of Y and A, and transposing terms, we 


may write it (D+ (Mr?--Mk2)la+ Mrar iii 
Then multiplying both sides by the dyadic reciprocal to that in 
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square brackets, we obtain 
a= Mra(®+ M(r? - kbYITLhr. . . iv 


Lastly, forming the scalar product of each member with r, we may 
write the result 1 

r{®+ M(r?— Pipir = a . . ov 
This is an equation in k?, from which the values of the principal 
radii of gyration at P may be found. That it is a cubic equation 
becomes obvious if we write ® in its normal form, 


® = Aii+ Bjj + Ckk 
where A, B, C are the principal moments of inertia at the c.m. 
Then l 
O+ Mr? — k)i = (4+ Mre- Meit... +. 
and therefore 


ii 
[D+ M(r? - eI = A+M(r?— k) + DIGT) +... 
Thus if P is the point (x, y, z), the equation v for k? may be written 
x y? 1 , 
A+B) Brae A MOU 


which is clearly a cubic in k? for determining the principal radii of 
gyration at P. 


The equation v shows that P lies on the quadric surfaces 


RD +M- PIR = 5 a vä 


for the three values of k? given by vi; and these surfaces are confocal 
to the ellipsoid of gyration at the c.m., viz. 


r- -Ly = J 


(cf. Ex. 19, Chap. V.). It also follows from iv that a, or the 
direction of a principal axis at P, is normal at that point to the 
particular confocal given by that value of k?. Thus the principal 
axes of inertia at P are the normals at P to the three confocal 


quadric surfaces vii, for the values of k? determined from v. This 
is Binet’s theorem. 


II. Motion about a Fixed Point. 


77. Kinematical. Consider the case of a rigid body turning about 
a point O, which is fixed in the body and also in space.* Let A 


* That is to say, fixed in the frame of reference relative to which the motion 
of the body is expressed. 
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be the angular velocity of the body at any instant. Then the 
velocity of a particle at the point P, whose position vector relative 
to O isr, is given by (Vol. I., Art. 87) 


v= Axr. 


If m is the mass of this particle, its linear momentum is mAxr ; and 
its moment of momentum or angular momentum (A.M:) about O 
is rx(mAxr). The A.M. of the whole body about O is then 
H = irx(mAxr) 
= Im(rr A -rAr) 
= [Em(r°I — rr)}-A 


(8) 
where ® is the inertia dyadic for the origin O. Similarly the kinetic 
energy T of the body is }2mv?; so that 
2T = Im(Axr)-(Axr) 
= Dm[A?r — (A-r)?] 
= A[Em(r] — rr)]-A 
= A-A . . . . . (9) 
=AH. . . . . . (8) 
The momental ellipsoid at the point O is given by the equation 
r-r = Met, 
The normal at the point r is parallel H 
to ®r. It follows then from (8) 
that H is perpendicular to the A 
tangent plane at the point of the Á PpP 
surface in the direction of A; so l 
that H and A have the same Ve 
direction only for a rotation 
about a principal axis. If r is 
the position vector of the point 
of the surface in the direction of Fie. 23. 
A, the length p of the perpen- 
dicular from O to the tangent plane at that point is 
Me? = Me* w 
P = mod Or Hr 
where w = mod A and H = mod H. 
78. Equation of motion. Let L denote the torque about O of all 
the external forces acting on the body. Then (Vol. I., Art. 84) 


dH 
De D 


(10) 
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This rate of change is relative to a frame of reference 8, outside the 
body and considered as fixed. If we introduce also a frame of 
reference S, fixed in the body, and denote rates of change relative 
to this by a suffix 2, then by Vol. I., Art. 94, the above formula 


becomes 
L(+ 


The dyadic ® depends upon the distribution of matter about the 


point O, and is constant relative to the frame 9, fixed in the body. 
d® 


Thus (a = 
of H given by (8), it becomes 


L= (T, + Ax(Ď-A). 


), =0. If then we substitute in the last equation the value 


And, since the rate of increase of A is the same for both frames of 
reference, we may write this simply 


L = -~ + Ax(®-A). . . . (12) 


This is a convenient form of the equation of motion of the body about 
the fixed point O. If we express all the vectors in terms of their 
rectangular components parallel to the principal axes of the body 
at O, the equation (12) gives Euler’s dynamical equations for the 
body, already found in Vol. I., Art. 96. 

If we form the scalar product of each side of (12) with A, the last 
term disappears, being then a scalar triple product with a repeated 
factor. Thus 


L-A = ao nO (13) 
Further, the rate of increase of the kinetic energy T is given by 
aT d dA dH 
2 = gA H) = gH + A- 
DALAL. >.. by (13) 
=2L-A . . . . . - (14) 


Thus the rate of increase of the kinetic-energy is equal to L-A. 
This expression therefore measures the rate at which the external 
forces are doing work on the body, and is called the activity of the 
forces. The system of external forces is equivalent to the torque L 
about O together with a force at O equal to their vector sum. The 
latter'does no work because O is fixed. 

Suppose the body to be rotating about an axis fired in space, that 
is, in the frame S,. Let the directions of i, j, k be also fixed in space, 
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i being parallel to. the axis of rotation, so that A= wi. The equation 
of motion (12) then becomes 


0. + wix(D-i) = L. 
But if ® is expressed in its nonion form (3), 
-i= Ai+ Fj+ Hk 
where A, F, E are the moment and products of inertia relative to 
the axis of rotation and perpendicular axes through O. The above 


equation is therefore equivalent to 


_ dw. dw . dw 2 
L= Ai + (re — Bar) + (a2 + Fo )k 


The torque L is the resultant of the torques due to the impressed 
forces and the constraint of the fixed axis. 

If there are no impressed forces, the constraint of the axis will 
vanish only if the second member of the last equation is zero. 


This requires the coefficients of i,j, k to vanish separately. Thus (<2) 


must be zero, and therefore w constant. Then the other components 
will vanish only if # = F = O; that is to say, if the fixed axis is a 
principal axis of inertia. Thus an axis of free rotation of the body 
through a fixed point O must be a principal axis at that point. 

79. Motion under no forces. Suppose that: a rigid body, turning 
about a fixed point O, is acted on by no forces except the constraint 


at O. Then the torque L is zero ; and the equations 
dH aT 
Leg MAg 
show that both the angular momentum H and the kinetic energy T 
are constant. 


— 
Let r = OP be the radius vector of the momental ellipsoid for O 
in the direction of A (Fig. 23). Then 
l r-D-r = Met. 
But tho kinetic energy is given by 
A-OD-A = 2T. 
From these two equations it follows, since r and A are parallel, that 
A? 27 
t Me4 
Thus the angular velocity is proportional to the radius of the 
momontal ellipsoid in the direction of the instantaneous axis. And 
using the value of the ratio w:r given by this equation, we find 


== const . . . . (15) 
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from (10) for the length p of the perpendicular from O to the tangent 
plane at the point P 


p= qV2TMea = const . 08 


The length of this perpendicular is constant, and its direction is also 
constant, being the direction of H. Therefore the tangent plane at 
the point P is a plane fixed in space. It is called the invariable 
plane, and the line through O perpendicular to it the invariable line. 
Further, the instantaneous motion of the body is a rotation about 
the line OP. Therefore the motion may be described by saying 
that the momental-ellipsoid rolis (without slipping) on the invariable 
plane. The path which the point of contact P traces out on the 
momental ellipsoid (fixed in the body) is called the polhode; that 
which it traces out on the invariable plane is the herpolhode. This 
description of the motion is due to Poinsot. 

We may find the equation of the polhode as the intersection of two 
surfaces. For 

H? = (A-®).(0-A) = AOA. . . (17) 
where, referred to the principal directions at O, 
®? = 0.0 = Ai i+ Byj+ C’kk. 

Then using the value of w:r given by (15) we may write (17) as 
H? Met 

2T 
This is the equation of an ellipsoid with centre at O. Also P lies 
on the momental ellipsoid 


r-(—)2.y = 


(18) 


r@r= Met. . . . (19) 
and the polhode is therefore the intersection of the two surfaces 
(18) and (19). In Cartesian coordinates, referred to the principal 
axes at O, these surfaces are 

A?x? + By? + .C%2? = H?Me4/2T . . (18’) 

and 
Ax? + By? + C2? = Me! . . . (19) 

Eliminating z from these equations we find 
A(A — C)x? + B(B — Oy? = (H? — 20T) M et/2 T 

for the equation of the projection of the polhode on the xy plano. 
This is an ellipse if C is either the greatest or thc least of the principal 
moments of inertia. In this case, if the body is slightly disturbed 
from a steady rotation about that principal axis, the polhode will be 
a small curve round the end of that axis of the momental cllipsoid, 
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and the axis of rotation will remain in the neighbourhood of the 
principal axis, which is therefore a stable axis for steady rotation. 
But if C is intermediate between A and B, the projection of the 
polhode on the zy plane is an hyperbola, and the axis of rotation 
will depart further and further from this principal axis, which is 
therefore an unstable axis for steady rotation. 

80. The free motion of a body about a fixed point O may also 
be expressed in terms of the ellipsoid of gyration, which is the 
reciprocal of the momental ellipsoid with respect to a sphere of 
radius e and centre O. Since the tangent plane PQ (Fig. 20) to 
the momental ellipsoid is invariable, the corresponding point P’ 
of the ellipsoid of gyration is invariable. Thus the ellipsoid of 
gyration moves so that its surface always passes through a point P’ fixed 
in space, at a distance from O along the invariable line equal to 


.- by (16) 


Further, OP is perpendicular to the tangent plane at P’; and the 
length of the perpendicular OQ’ to this tangent plane is 


p= Ny . . . by (15) 


Therefore the perpendicular from O to the tangent plane at the fixed 
point P’ is the instantaneous axis of rotation ; and the angular velocity 
of the body varies inversely as the length of this perpendicular. 

The scalar resolute w’ of the angular velocity about the invariable 
line is given by 

w = w eos POQ = — = F 

by (15) and (16). Thus the angular velocity about the invariable 
line is constant. This description of the motion is due to Mac- 
Cullagh. 

81. Impulsive forces. It was shown in Vol. I., Chap. VII., that the 
equations of motion of a rigid body acted on by forces F,, Fy, .. 


wp 2T 
r 


whose lines of action pass through the points r}, re, . . . respectively, 
are 
a = EF | 
JH . - . . (20) 
Co = ErxF | 


M being the linear momentum of the body and H its angular 
momentum about the origin. The impulse of a force acting for a 
8 


114 VECTOR ANALYSIS [CH. VI. 


definite period was also shown to be the time integral of the force 
extended over that period ; or 


F* = \’ Fat. 
ty 

When the magnitude ‘of the force is very great, and the interval of 
time during which it acts very small, while the impulse F* is finite, 
the force is called an impulsive force or impulse. The displacement 
of the body during the interval is infinitesimal. Suppose that the 
force acts through the point r during the whole interval, and that 
its value is F at any instant. Its torque about the origin O at that 
instant is rxF, and the time integral of this over the brief interval 
of action is called the impulsive torque. Its value is 


la ts 
| rxFdi = rf Fut = rxF*, 
ty l 
since r is constant during the interval. It is therefore equal to the 
moment of the impulse acting through the point r. 

Now integrate the equations (20) with respect to t for the interval 
t, to t, during which the impulsive forces act. We then obtain for 
the increments in the linear and angular momenta 


pis 
AM = (MJ? == | Fat = IF* 
and h (21) 


l 
AH = [Ef = zÍ rxFdi = ErxF* = L* (say) 
ti 


Thus the increment AM in the linear momentum of the body duriag 
the interval is equal to the vector sum of the impulses; and the 
increment AH in the A.M. about O is equal to L*, the vector sum 
of the impulsive torques. 

For a rigid body H = ®-A, where A is the angular velocity and 


® the inertia dyadic for the point O. Now ® is invariable during 
the action of the impulses, so that 


L* = AH = (AA) 
or | . (22) 
AA = O-|.L* 


‘Thus L* is parallel to the normal at the end of the radius vector 
of the momental ellipsoid whose direction is that of AA; and AA 
is parallel to the normal at the end of the radius vector of the ellipsoid 
of gyration in the direction of L*. The directions of L* and AA 
coincide only when parallel to a principal axis at O. 


82. Centre of percussion for a given axis. A rigid body is set 
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rotating about a fixed axis through O parallel to the unit vector a, 


<m> 
by a blow F* at the point P whose position vector OP = r. It is 
required to find F* and r so that there is no impulsive action on 
the axis of constraint; that is, so that the initial motion would be 
one of rotation about this axis if there were no constraint at all. 


Let G be the c.m. whose position vector is OG =F, and let A= wa 
be the angular velocity produced by the blow. The initial velocity 
of the c.m. is Ax¥, and the equations (21) give . 

MAx f= F* 
0-A = nP) 
since there is to be no impulsive action of constraint. The first 
equation shows that F* is perpendicular to the plane of a and F; 
that is, perpendicular to the plane containing the axis and the c.m. 
Let N be the foot of the perpendicular from P to this plane. Also, 
since the axis is to be one of no constraint, we may take the origin 
anywhere onit. Choose it at the foot of the perpendicular from P to 
this axis. Then ar = 0. 

The second equation of motion 

then gives 


w)-a = rx F* 
= Mrx(Axf), 
and therefore 
-a = Mrx (ax?) 
= M(rta—r-af) 
= Mra. 
Thus D-a is parallel to a, so that tho 
axis is a principal axis at O. If Mk? 
is the moment of inertia about it, 
Me = a-a = Mr =~ Mal Fra. 24, 


where x = ON, and Lis the perpendicular distance LO of G from the 
axis. Thus x= k°/l is the shortest distance between the axis and 
the line of action of the blow. The required conditions are therefore 
that 
(i) the axis chosen must be a principal axis at one point on it: , 
(ii) the blow must be applied in a plane through that point 
perpendicular to the axis, in a direetion perpendicular to 
the plane containing the axis and the e.m., and at a distance 
fl from the axis, 
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EXERCISES ON CHAPTER VI. 


1. Show that the moment of inertia of a body about the straight 

line r = d + ta is 
a-D-a + Md? — M(a-d)? 

where & is a unit vector and © is the inertia dyadic for the c.m. which 
is taken as origin. 

Show also that the momental ellipsoid:at the point d, referred to 
its centre as origin, is 

r-O-r + MLL —M(d-r)? = Met. 


2. Using the cubic vi of Art. 76 for determining k?, show that the 
locus of a point of the body, such that the sum of the principal 
momens of inertia is constant, is a sphere with centre at the c.m. 

Also find the locus when the sum of the products of the principal 
moments taken two and two together is constant; and when the 
product of the three principal moments is constant. 


8. Any point O in a body being given, and any plane through it, 
prove that two straight lines at right angles can always be drawn 


in this plane through O, such that the product of inertia relative to 
them is zero. 


4. A straight line being given, it is required to find at what point 
(if any) it is a principal axis of the body, and the condition that such 
a point should exist. 

With the c.m. of the body as origin, let the straight line be 
T= d+ ta where a is a unit vector. If ® is the inertia dyadic for 
the c.m., that for a point P on this line is (by Art. 76) 

F= © + M[(d+ ta)?] -M(d + ta)(d + tay). 

If b, ¢ are two other unit vectors perpendicular to each other and 

to a, the conditions that the given line be a principal axis at P are 
a-‘Y-b = 0 = afc. 


These are equivalent to 
a-O-b -M (a-d + t)d-b = 0 


a-c- M(ad+ de= 0f © °° «3 
In order that these equations in t should be consistent we must have 
d-ca-@-b = d-ba-O-c . . ii 


which is the condition that such a point should exist. The required 
value of t, that is to say, the distance of this point from the point d, 
is then given by either of the equations i, say 


i= a-O-b — Ma-d b-d ji 
Mbd ` ` ` , 


If the given straight line is parallel to a principal axis at the 
c.m. G, then 


aD-b=O0=a@e . . . -iy 
and the condition ii is satisfied. The value of t given by iii is then 
t = oe ad, 
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showing that the required point on the line is the projection of Q 
upon it. 

Mf the given straight line passes through the c.m, (d = 0) and is a 
principal axis at that point, the equations iv hold, and therefore 
the relations i are satisfied for all values of ¢. Thus if a straight 
line through the c.m. is a principal axis at that point, it is a principal 
axis at every point. 

__ The point on a straight line at which it is a principal axis is called 
the principal point of the line. 


5. Having found the principal point of the straight line r = d+ ta 
in the previous exercise, show how to find the other principal axes 
at that point. 


6. The semi-axes of an ellipsoid are a,b,c. If m= ai+ bj + ck, 
and n= i+ si + lk where i, j, k are p* allel to the axes of the 
ellipsoid whose centre is taken as origin, show that the straight line 

r=m-+ in 
is at some point a principal axis of the ellipsoid. 


7. Show that any straight line drawn on a lamina is a principal 


axis of that lamina at some point if the line does not pass through, 
the centre of mass. Where is this point if the straight line pass 
through the centre of mass? 


8. Show that on any plane there is a point at which it is a principal 
plane for a given body. 


9. For a rigid body of mass M, turning about a fixed point O, 
and acted on by external forces whose vector sum is F, show that 
the action R of the hinge at O is given by 

dA 


F+R -u| SF xË + Ax (Ax) | 


where F is the position vector of the c.m. relative to O. 


10. A rigid body, hinged at O to a fixed point, is set rotating about 
a principal axis at O. If it is acted on by no forces but those at the 
hinge, show that it will continue to rotate with constant angular 
velocity. about the same axis. 

If O is the c.m. of the body, show that there is zero action on the 
hinge ; and hence that a principal axis at the c.m. is an axis of free 
rotation. 


11. The sum of the squares of the distances of the extremities 
of the principal diameters of the momental ellipsoid from the in- 
variable line is constant throughout the motion (Poinsot). 


12. A body moves about a fixed point O under the action of no 
forces. Show that if the surface r-r = Mr‘ be traced im the body, 
this surface throughout the motion will roll on a fixed sphere. 


18. If the body while in motion be acted on by an impulsive 
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torque about O, whose plane is perpendicular to the invariable line, 
show that the momental ellipsoid will continue to roll on the same 
plane as before, but that the rate of motion will be altered. 


14. In the motion of a body about a fixed point under any forces 
(Arts. 77, 78), prove the relations 
H? Met w\? Metw 
= = af Z = 
mpo 22 Me'(*), H == 
lf the moment of the impressed forces abaut the instantaneous ¢ xis 


is always zero, show that the kinetic cnergy is constant, and that 
w is proportional to r throughout the motion. 


15. In the same problem show that 


dH 
H- = HL = L-A. 


Hence show that, when the impressed forces have zero moment 


about the line through O parallel to H, the scalar H is constant, 
and that w varies as pr. 


16. When L is perpendicular to both A and H, the quantities 
T, H, p are constant, and w varies as r. 

17. Prove that 
4T°Me* dp 

p dt’ 
Hence when the projection of L upon the plane of A and H is 
parallel to H, show that p and therefore H?/T is constant. 


18. A rigid body moves about a fixed point under the action of a ` 
torque L, producing motion such that the kinetic energy is pro- 
portional to the square of the angular momentum H. Prove that 
the plane of L and H is perpendicular to that of A and H. 


(AxH)-(Lx« H) = 


CHAPTER VII 


DYADICS INVOLVING THE OPERATOR V. 


83. The operator V applied to a vector. We have already seen 
that the operator V applied to a scalar point-function V yields the 


vector function 
OV 

VV = ise +iz- By T + êE, 
which is invariant with respect to the choice of orthogonal coordinate 
axes. So far we have attached no meaning to VV where V is a 
vector point-function. By analogy with the above we define it as 
the dyadic 

KAJ „oV oV 


VV = i tig, + Es, . . . (1) 


each term being a dyad, the indeterminate product of two vectors. 
Similarly we define VV as the conjugate dyadic 
VV = Jz + ay) + a . . . (T) 
The dyadics thus defined by analogy with the gradient of a scalar 
function are of very frequent occurrence in more advanced work, 
where their introduction greatly simplifies the analysis. In the 
following chapters we shall see their use in the theories of Elasticity 
and Electro-magnetism. 
Both the dyadics are invariant with respect to the system of 


rectangular axes chosen. For if a is any constant unit vector, 
^ i) a „ð ^ 
(VV)-a = (iz: a= Ziz-(V-a) 


= V(V-â), 


which is invariant ; and similarly 
a AJ +a ov +a ov 
lx ` ay 


a a OV 
a (VV) = & Diz- = aar 


= (&@V)V . ‘a 
119 


120 VECTOR ANALYSIS [CH. VII. 


which is the derivative of V in the direction of a, and is invariant. 


Thus since a (VV) and (VV)-a are invariant for all values of a, the. 
dyadic VV is invariant. Hence its conjugate VV is also invariant. 

The equation (2) shows that a-(VV) has the same value as the 
directional derivative (a-V)V. The brackets are therefore unneces- 
sary, as in the case of a scalar function (Art. 4), and either expression 
may be written simply aVV. The analogy to the case of a scalar 
V is very close throughout, If, for instance, V and V + dV are the 
values of the vector function at the points r and r + dr respectively, 
putting 

= xi + yj + zk, 

and therefore 
dr = dæi + dyj + dzk, 


we have 
(2 oV 
dr-VV = (dxi + dyj + dzk) izz + iz t Lae 
= Nae AN A 
= iV . . . , . . . (3) 
which is of the same form as in Art. 3 for a scalar function, viz. 
dreVV = dV. 
We may also remark that the scalar of the dyadic VV is, by (1), 
(WV), = ge + Ov + ke = div V o A 


and similarly its vector is 
(VV) = Six = wV o 8): 
Ox 


The scalar of the conjugate VV is also equal to div V, but its vector 
is 

(VW) = i= omv wt. G8) 

Ox 
In agreement with the notation 
VxV= six. V L curl V 
Ox 

we may conveniently write 

VxV= iTi =—VxV 


V.V == Ni = v-v] 
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Thus the vectors and scalars of the above dyadics are 
(VV),=VxV, (VV), =V-V 
(VV),=VxV, (VV), =V-V=V-V. 
Since VV is a vector, we may form with it the dyadic VVV. The 
scalar of this dyadic is therefore V-VV = V2V, and its vector 
(VVV), = VxVV = curl grad V = 0 


by Art.9. Since, then, the vector of the dyadic vanishes identically, 
the dyadic is self-conjugate (Art. 62). 

84. Differentiation of dyadics. If UV is a dyad of point-functions, 
we define its derivative with respect to x by the equation 

ð ov. ov 

— (UV) = FIA + Us 
the indeterminate product being therefore differentiated by the 
same rule as other products, the order of the vectors, however, not 
being reversible. Similarly if Ọ is a dyadic, whose antecedents and 


. . ð , 
consequents are vector point-functions, we define “ as the sum of 


the derivatives of its dyads. 
We now introduce the further functions defined by 


2L . op 22 


V-@ - Jz + J “By + kes zoo . (7) 
oP . oP e 
Vx@ = ix. + x by + kx . . - (8) 


the former being a vector and the latter adyadic. It is easily shown 
that their values are independent of the choice of rectangular axes. 


For if a is any constant unit vector, 
(V-0).€ = (Bi ea. = Lik (D-i) 
= div (@-a), 


which is invariant. And since this is truo for all directions of a, 
the vector V-@ is invariant. Similarly it may be shown that Vx® 
is invariant. In agrecment with the above definitions we naturally 
attach to P-V and MV the meanings 


MD i a . aQ 
dx” E } Oz 
om . a om 


DV- ity ita o (8) 


P.V -= 
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from which it is obvious that 


D-V = gild = yb, 6. TY) 
Ox 
and similarly that 
xV = — [sixt] = - (Vx), e a 8") 


The values of these expressions are therefore also invariant. 

We also meet with expressions in which V occurs more than once ; 
and these again are analogous to those considered in Chapter I. 
Thus from the equations (7) and (8) it is easy to prove the identities 

VxVV=0 . . . . (9) 
V-Vx«® =0 . . . . (10) 


which are analogous to (20) of Art. 9. Further, 


OV va 
V-VV = viz tigt ka) 


2N a, a 
~ Oat” By? © Gz? 
=VV. ‘a’ W 


as defined in Art. 9. Similarly 


_a/eV. aV. av 
V+(VV) = Sie sleet +o-j+ z”) 


öx y` öz 
O(a, OV 
= Zig (Bi ) 
= VV-V = grad div V . . . (IV) 
= V(V-V). 
Lastly, it can be shown, as in proving (22) Art. 9, that 
Vx(Vx®)=VVO- WO. . . (12) 


each term of this equation being a dyadic. 

85. Formule of expansion. Various formule in some degree 
analogous to those of Art. 8 will now be proved, and will be found 
useful in the following chapters. Consider first the formule 


Viwv) = Vuv+ Vvu . . . . (13) 
V(uxv) = Vuxv— Vvxu . . . (14) 
in which the operator V applies only to the vector next following it, 
unless brackets are used to indicate the contrary. This convention 
will henceforth be adhered to. The equation (13) is one of vectors, 
while (14) is one of dyadics. They may both be proved by the same 


§ 85] FORMULA OF BXPANSION 123 


method ; for example 


V(uxv) = zi( xv + uz) 


= (Bi)xv — (Zig) 

= Vuxv— Vvxu, 
which proves (14). The expansion (13), which may be proved in 
the same way, is alternative to (19) of Art. 8. 


Similarly if u, v are scalar and vector point-functions, and © a 
variable dyadic, the following formule hold : 


V(uv) = Vuv+ uVv . . . . (15) 
V-(u®) = Vued + uV- . . . (16) 
Vx(u®) = Vux®+ uVxð® . . . (17) 


the last two of which correspond to (15) and (16) of Art. 8, and the 
first to (7) of Art. 4. To remember one set is to remember both. 
To prove (17) we have 


Vx(u®) = Bix (0 + uz a) 


ox 
= (2ige) x -+ uixz> 
= Vux® + uVx®, 


and the other two may be similarly established. In particular, if 


® is equal to the idemfactor I, so that 2 = etc. = 0, the equations 


(16), (17) become V-(ul) = Vu ; . ; . (16') 

Vx(ul) = VuxI . . . . (17°) 

Expansions might be investigated for 
V(®-V), V-(®-V), Vx(®-V), 
and also for 
V-(@xV) and Vx(®xV) 

(see Exercises 18-19 at the end of this chapter). But in the following 
we shall need only the particular cases in which ® is equal to the 
idemfactor. We can then prove that 


V-(IxV) = VxV. . . . . (18) 
Vx(IxV) = VV — IV-V . . . (19) 
For by definition 9 
j V-(IxV) = die (IxV) 
= 2i = Bix 


= VxV, 
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which proves (18). Similarly for the other formula we may procecd, 
remembering IxV = VxI (Art. 63), 


Vx(IxV) = Vx(Vx1) = six(2 x1) 


N N, . (OV... 
= B| ix (Ze xi} + ixar t. | 


= s[i- (ie )ait ii+ ke) | 
= VV — IV-V, 
as was to be proved. 
Just one other formula will be needed in the chapter on clastic 
bodies. Remembering that the dyadic VuxI = Ix Vu is anti-self- 
conjugate (Art. 63), we find from the above formula (17’) 


(Vxul)xV = (VuxTxV 


= — [Vx(Vux1)], by (8”) 
= [Vx (Ix Vu)]. 
= [(Vu)V — IV-Vu], by (19) 
= VVu— Vu. 


The same result is clearly got by treating Vx(wIxV), so that the 
brackets are unnecessary and we may write the formula simply 


VxulxV = VVu-— IVau . . . (20) 


This dyadic is self-conjugate. The last term is clearly so, and the 
first term was shown to be so at the end of Art. 83. 


Transformation of Integrals. 


86. Line and surface integrals. Consider a curve C joining the 
B points A, B. Let P, P’ (Fig. 25) be the 
neighbouring points r, r-+dr on this curve, 
and V, V+ dV the values at these points of 
a certain vector function. Then by (3) the 
increment dV in the function from P to P’ is 


~ 


P . 
-given by 
p dV = dr-VV. 
Summing for all the elements of arc from A to 
B we have 
B 
A = ¢ 
Fig. 25. Vs- Vas J ævy . (21) 


corresponding to (1) of Art. 13. l V is a uniform function and C 
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a closed curve, this formula becomes 


| avv=0 . a. QV) 


nD 
In the case of a closed curve C and an open surface S bounded by 
it, various theorems may be established by the same transformation 
as in the proof of Stokes’s theorem, viz. that between i and ii of 
Art. 16. The argument there is equally true if we replace curl F by 


Vi = 15 + mx BO en 
GEP on 


where Ọ is a dyadic, leading to the corresponding theorem 
fav xOdS = | dr-D . . . (22) 
0 


In the proof of Art. 16 the order of the factors in the scalar products 
was immaterial ; but in the present instance ® and its derivatives 
are always postfactors.* 

With the same notation, if V is a vector point-function, 


w- + mor + ne, 
O85 on 
and therefore 
nx VV = m-—— a Ad 


hou“ hydv’ 

which corresponds to i of Art. 16. With the omission of the dot 
for the scalar product the transformation of that Art. then leads to 
the theorem * 


[n<wwas = | dW. (88) 
n 


Lastly, the argument of Art. 16 is equally true if the scalar 
products from i to ii are replaced by vector products, provided the 
order of the factors is maintained. We therefore have for the vector 
function V (in place of F) 


W aA 
fxv = (me 2 = 1, )A8 


ov av 
= x= + (Nxm)— =— |ds 
IESI - (nx m) mte x =| t 
Expanding the vector triple products we may write the integrand 
ov ov ov 
l n- + mn- + n ne 
My on 
Vv ov N 
n(Ie l- Me =- + 7) 
Os, Os, “on 


~n(VV) -nv-V. 


* For other proofs see WBxereises 5-6 below. 
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Hence the theorem 
| drxV = [ni -nV VS. . (4 
0 e 


which will be found useful. We gather together the theorems of 
Arts. 16-17 and the present one for the purpose of reference, and to 


emphasise that they are but variations of the one transformation. 
Thus 


[axvras = f ay, 
[nxvvas = | ar, 
favs Vis = fæ, 
[avoas = | ao. 


and also (24), whose relation to these is not so apparent. 

87. Surface and space integrals, The theorems (8) of Chapter IT. 
will now be extended to apply when V and F have other meanings 
than in that chapter. If S is a closed surface bounding a certain 
region, the argument of Art. 14 from i to (3) is equally true of a 
vector function. That is to say, 


[gga = [ni vas CE 
Ox 
where Vis a vector point-function. By means of this and two similar 
relations that might be written down, we have 

f ra de = [oii i+ii+kk)Vas; 
that is, 


[vva = favas a 


which corresponds to (5) of Art. 15. 


Tn a similar manner the divergence theorem may be deduced from 
i. For then 


[aian = zn iVds 
On 
- [ni-vas . 
that is, 


[VVar favas . . . . (26) 
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which is the divergence theorem. In the same way 
paar = [2ni ixvas 
Ox 
= fat xVdS; 

that is, 

[V= væ = [avas a (27) 
which is formula (6) of Art. 15. 

Lastly, any dyadic ® may by Art. 55 be put in the form 

®=i10+jV+kW 

where U, V, W are vector point-functions. Then 


oD æ OV W 
V@®= Lie a ba Oy be" 


Hence the formula 


[Van = (a + ov wae 


Ou Oy = oz 
- feau +4V+kWds 
= [avas . o . . (28) 
which corresponds to the divergence theorem. Similarly 
Six a | oV OW 
Vs P= Bixee = (ks; 7a)” 


and therefore 


ow 
|v: Oda -= f2(k; (use — is e , 
7 [Emikv -nij W)ds 

[ast DAS 

[a Dds, . . . - (29) 
which corresponds to (27) above. These theorems are therefore 
all deducible from the transformation i of the present Art., with the 
corresponding formula in y and z. Their close connection is apparent 


from the following list, which we make for the purpose of reference, 
and to assist the student’s memory. The theorems of Arts. 14, 15, 87 
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may be written 


fv Vdv = fa Vas, 


[vva = fa Vas, 


fv- Vdo = - m Vas, 
[vba = fo DAS, 
fv Vd = {axvas, 


Vx@dv = faxoas. 


EXERCISES ON CHAPTER VII. 


1. As an alternative to (18) of Art. 8 prove the formula 
Vx(uxv) = V-(vu— uv), 
which is sometimes convenient. 


9. Prove the formule 


V-(uv) = Veuv+u-Vv, 
Vx(uv) = Vxuv—uxVv. 


3. If © is a constant dyadic, and r the position vector of the 
current point, show that 
VirD) =O, 
and for any function v, 


V(v-@) = (Vv) Ò. 


4. If v is constant and E a point-function, show that 
div (v-E v) = v-VE-v, 
and also that 
curl (v-E v — v?E) + vv-curl E 
= curl [vx (vxE)] — v div (vxE) 
= —vV(vxE) = vVExv. 


5. By the substitution V = V-d in (10) of Art. 17, d being a con- 
stant vector, deduce formula (23) of the present chapter. 


6. Apply Stokes’s theorem to the vector ®-d, where d is constant. 
and deduce formula. (22) of the present chapter. 


%. Apply Stokes’s theorem to the vector Vxd, where d is constant, 
and deduce theorem (24) of the present chapter. 


8. In (5) of Art. 15 put V = V-d (d constant), and deduce (25) 
of this chapter. ` 
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9. Apply the divergence theorem to the vector ®-d (d constant), 
and deduce (28) of this chapter. 


10. In (6) of Art. 15 put F = Od (d constant), and deduce (29) 
of the present chapter. 


11. Show that 

Vs = (Vs + sV) — }Ix(V xs). 
12. If Vs is small, show that (I+ Vs) and (I — Vs) are reciprocal. 
18. If Vs is small, and r’ = r-(I + Vs), prove that 


r? = r(1+ Vs+ sV)-2r 
and i i 


r? = r’-([ — Vs — sV)-r’. 


14. In Exercise 11 apply Vx to both sides, and show that 


Vx® = wV 
where 
®=}(Vs+sV) and w= } curls. 

Hence show that 

Vx®xV = 0. 

15. If 

VY + pF = 0 

and 


prxF — V.(Yxr)y= 0 
where r is the position vector of the current point, show that Y is 
self-conjugate. 
16. If 9 = div s, and A, p are constants, show that 
V-(AGI + Vs + psV) = (A+ p)VO+pV?s. 
17. If r, r have their usual meanings, show that 
vv(=) =3rr aI. 
r/ r r 
Hence provo that, if a is a constant vector, 


l 3 15a-r 
v| avv] =Slar+ra+ arl) -<7 (rr), 


and therefore 
1 3, 
a-V| avv] = zla r+ 2a-ra) — 
The notation of double multiplication of dyads and dyadics is 


sometimes convenient. The double multiplication of dyads is 
defined by 


15 


oy (ar) "x. 
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The double product of two dyadics is the sum of the double 
products of dyads obtained by formal expansion according to the 
distributive law. We employ this notation in the next few exercises. 


18. We may expand V-(@-v) as follows : 
, [ad ôv 
Vav = Sif Sov + O52 | 
= (V-0)-v+ 0: Vv. 
19. In the same way show that 
Vx(D-v) = (Vx®)-v+ Vv 29, 
V(O xv) = (V-O)xv + Ò x Vv, 
Vx(®xv) = (Vx®)xv— Vv š ®. 
20. Prove that 
L:Vv=divv, Vv*l=curlv=I[x Vv 
and 
Vv x I= I div v- vV. 
From this and the previous exercise deduce the formuls (18) 
and (19) of Art. 85. 
21. If F is a point-function and ® = I + kv v, where k and v are 
constant, show that 


V-(O-F) = V-F + kv-VF-v 
and 


V-(DxF) = VxF — kv-VFxv. 
22. Prove that, for any dyadic ®, 
Oe lT=1xO=9, 


®:[=1:0=9,. 


_ 28. Prove that if the position vector r of the point x, y, z is a 
function of the position vector r’ of the point 2’, y’, 2’, then for a 
scalar (or vector) point-function V 


V'V = (V't)-VV 


and 


where 
, 20,06 °) 


24. Lagrange’s hydrodynamical equations. In Lagrange’s method 
we fix our attention upon a definite particle of the’fluid. If r’ is its 
initial position vector, and r its position vector at a time ¢, then 
the value of r in terms of r’ and t gives the history of every particle 
of the fluid. Let V’ have the same meaning as in the previous 
exercise. 

. ., . ar 

The acceleration of the particle is —, 


Tr and the equation of motion 
is then by Art. 37 
dr 


l . 
m F NP . . . . i 
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Multiply both sides by V’r as a prefactor Then, on the assumption 
of a force potential, one a relation between p and p only, we have 


VT a = —V'T-VV —V'rVP. 


In virtue of the previous exercise this may be written 


dla, ar d , 
gyt rt) -VH S +V(V+P)= Q. 


Then since the velocity is v=" this relation is by (13) of the 


present chapter 
Tive) +V'(V + P —4v*) =0 
If now we put 
W= f V + P — ywpdt, 


our equation becomes 


C „AW 
aV rv) = — V hh 
which on integration gives 
Vrv=v,—V'W . . . ii 


where vy is the initial velocity, because initially Vr= L. The 
equation ii, together with ` 


W ype- v wt 


and the equation of continuity, are the differential equations to be 
satisfied by r, p, and W. The initial conditions are r =r’, V = Vo, 
and W = 0. 


CHAPTER VIII. 


EQUILIBRIUM OF DEFORMABLE BODIES. 
MOTION OF VISCOUS FLUIDS. 


I. Strain Relations. 


$8. Homogeneous strain. A deformable body, as opposed to a 
perfectly rigid body, is one whose particles are capable of displace- 
ment relative to each other. The assemblage of such relative 
displacements constitutes a strain. Owing to the strain, the particle 
of the body originally at the point r moves to another point r’. 
The vector r’ is a continuous function of r; for a discontinuity 
would mean a rupture of the body. The displacement s of the 
particle originally at ris its change of position r’ — r, and is therefore 
also a continuous function of r. Since the strain depends only on 
the relative displacement of the particles, we may regard any one 
particle as fixed, and take the position of that particle as origin of 
position vectors. 

The simplest kind of strain, called a homogeneous strain, is that for 
which r’ is a linear vector function of r. In this case the coordinates 
a’, y’, z of the point r’ are expressible linearly with finite constant 
coefficients in terms of x, y, z, the coordinates of r. 


Or, as shown in 
Art. 53, r’ is then expressible in the form 


r=O-r. . . . .- (2) 
where ® is a certain dyadic, which has the same value for all points, 
and depends on the constant coefficients in the linear relations be- 
tween 2’, y’, 2’ and x, y, z. The displacement g of the particle 
at T is 

s=r—r=(0-— [pr . . . (1) 
and is therefore also a linear vector function of r. 
Consider a particle lying originally at the point r on the plano 


rn=q. Since by (1) r= "42", its position vector r’ after displace- 
ment satisfies the relation 


n-(D-14') = 
132 


-$ 88] HOMOGENEOUS STRAIN 133 


that is, mDr =g. 


Thus particles originally on a plane perpendicular to n lie after 
displacement on a plane perpendicular to n-®-!. Briefly we may 
say that in a homogeneous strain a plane remains a plane; and 
parallel planes remain parallel. Similarly particles originally in the 


straight line r = b+ fa are displaced so as to lie in the straight 
line N ` 
r’ = O.(b+ ta) = ©-b + tD-a, 

showing that parallel straight lines remain parallel. A line of unit 
length parallel to a becomes a line with the length and direction of 
D-a. The fractional extension, that is, the elongation per unit 
length of such a line, is mod (®-a) — 1. This is the same for all 
parallel lines, and may be called briefly the extension or elongation | 
for the direction a. 

The equation (1) may also be written 

r= Oly = rD, 
r= r(t Dr. 

Thus particles originally on the sphere 


so that 


r=? . . . . . (2) 
are displaced so as to lie on the ellipsoid 
T(r = e. . . . (3) 


which is called the strain ellipsoid. Thus a sphere is transformed 
into an ellipsoid; and a set of straight lines originally equal in 
length transform into others whose lengths are proportional to the 
radii of the strain ellipsoid parallel to them. If, further, r, and r, 
are points at the ends of perpendicular radii of the sphere (2), the 
relation r, T, = 0 is equivalent to 
r’-O-!,-O-Lr’, = 0, 
so that r’, and r’, are parallel to conjugate diameters of the strain 
ellipsoid. Thus perpendicular radii of the sphere are transformed 
into conjugate semi-diameters of the ellipsoid. In particular the 
axes of the ellipsoid correspond to orthogonal radii of the sphere ; 
showing that there are three mutually perpendicular straight lines 
which remain orthogonal after the strain. The original directions 
of these lines are called the principal axes of strain. 
Similarly from (1) it follows that 


r? =r, DT, 
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so that particles originally on the ellipsoid 

rD) r= . . . - . ($) 
lie after displacement on the sphere 

r= e. . . . . (5) 

and any set of conjugate diameters of the ellipsoid (4) are trans- 
formed into orthogonal diameters of the sphere. The ellipsoid (4), 
being the reciprocal of (3) with respect to the sphere (2), is called the 
reciprocal strain ellipsoid. In particular the axes of this ellipsoid 
remain orthogonal after displacement, and are therefore the principal 
axes of strain. 


If the dyadic ® is self-conjugaie it may be expressed in the form 
(Art. 64) 


® = aii + bjj + ck K. 
Then 


-= liit i+ ikk 
is also self-conjugate. The equation of the strain ellipsoid is now 
ye y 2 
at pt ane 
and that of the reciprocal strain ellipsoid 
ax? -+ b?y? -+ C722 = e?, 
their axes being parallel to i, j, k. The orthogonal diameters of the 
sphere (2) in these directions become the axes of the strain ellipsoid, 
unchanged in direction but stretched in the ratios a: 1, b:1,¢:1 
respectively. These are therefore the principal axes of strain; and 
the displacement of the particles constitutes what is called a pure 
strain. 
89. Small homogeneous strain. Suppose that the displacement s 
of each particle relative to the origin is small. 


Then, being a linear 
vector function of r, it may be written 
s= ‘Vr. . . . . (8) 


where Y is small; that is to say, has one vector in each dyad small. 
Now by Art. 62 this relation may be expressed 

s= Ọr-exr . . . © (7) 
D=84{F +F), c= FY, 
The small dyadic ® is self-conjugate, and the small vector ¢ is half 


the vector of Y. Hence the position vector of the particle after 
displacement is 


where 


r’=r-+s 
= (1+). — exr. . . . (8) 


§ 89] SMALL HOMOGENEOUS STRAIN 135 


Now the term —exr is the displacement of the particle due to a 
rotation of the body as a whole about an axis through the origin 
parallel to c, by a small angle whose circular measure is —mod e. 
This term therefore represents no deformation of the body. The 
relation 
r = ([+®)r 
represents a pure strain since the dyadic is self-conjugate. Thus 
the general displacement given by (7) consists of a pure strain and a 
rotation of the body as rigid. The two may be taken in any order ; 
for a rotation after the pure strain brings about a displacement 
— ¢x(I+ ®)-r = — exr, 
since both ¢ and ® are small, and their product is negligible. 
Referring the self-conjugate dyadic Ọ to its principal directions 
(Art. 64) we may write 
[+= I+ aii+ ajj+a kk 
= (1+ a,)ii+ (1+ a,)jj+ (l+ a,)kk. 

Then the pure strain transforms the sphere r? =: e? into the strain 
ellipsoid 

Fy a 

(1+ a)? (+a)? (1+ ay)? 
The ratio of the volume of tho ellipsoid to that of the sphere is 

(1 + a(l + a(l + a3) = 1+ (a, + a, + a), 


since @,, Qy, ag are small. Hence the increase in volume per unit 
volumo, or the dilation, as it is generally called, is given by 


2 
E^ 


0 = a, + Qg + dz. 
This is the scalar of the dyadic @, and is therefore equal to the 
scalar of F because the scalar of the anti-self-conjugate part is zero. 
The rotation represented by the last term of (7) produces no change 
in volume. Hence Y, is the dilation for the general small strain 
represented by (6). 
Suppose that the body is subject to several small strains succes- 
sively, corresponding to displacements 
Vir, Wer... 
Owing to the first strain the particle at r shifts to 
r = (I+ F,r. 
The next strain moves it to 
r” = (L-E -= (14 FA + i)er, 


and soon. Now the dyadics Y are all small. Henee on neglecting 


136 VECTOR ANALYSIS [CH. VIII. 


small quantities of the second and higher orders we have for the 
final position of the particle originally at r 


(+¥,4P,4+..)r=rt+ Prt Port... 


that is to say, the total displacement is the vector sum of the dis- 
placements due to the several small strains separately. 

From this point of view a small pure strain may be expressed as 
the sum of six small strains—three stretches and three shears. For 
in a pure strain the displacement 8 = Yr is such that ‘F is self-con- 
jugate, and its nonion form is therefore 


" We ayiit a jj+askk+a,(Gj+jit+...+--- 
Henee the particle at r goes to r’, which is given by 
L,Y = (14+ ¥)r 
= (I+ ayyii)(1 + agi)... (1+ aij + ayj i). . . ot, 

since the small quantities of higher order than the first are negligible. 
The first factor represents a strain in which lines parallel to i are 
stretched in the ratio 1 + a,,: 1, so that a,, is the extension for that 
direction ; while lines parallel to j and k are unaltered in length 
Such a strain is called a stretch, and involves a dilation ayı. The 
next two factors represent stretches parallel to j and k respectively. 
The factor (I + aij +. aji) represents what is called a simple 
shear whose plane is parallel to i,j. It involves no dilation, since the 
scalar of alij + ji) is zero. The principal axes of the shear are 
parallel to i+ j and i— j, the elongations in these directions being 
Qy, and — Qa respectively. A square whose sides are parallel to 
i and j is transformed into a rhombus, whose diagonals have their 
original directions, but whose angles are each altered by 2a,, radians. 
The reader can easily verify these statements for himself. 

90. Heterogeneous strain. Considering now the general case in 
which the strain is not necessarily homogeneous, let s be the displace- 
ment of the particle originally at the point P whose position vector 
ist. Then after the strain the position vector of the particle is 


r=r-+s. 


_—> 
Let dr be the elementary vector PQ determined by two neighbouring 


particles P, Q before the strain, and dr’ that determined by the same 
two after the strain. Then 


dr’ = dr + ds. 
But since s is a vector point-function, 


ds = dy-Vs . . . . i 
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by Art. 83. Hence 
dr’ = dr + dr-Vs 
=dr([+ Vs) . . . . (9) 
Now ds is the relative displacement of the particles Q and P; and 
in a sufficiently small neighbourhood round 


P the dyadic Vs is constant. Thus in the Q , 
neighbourhood of P the relative displace- dT 
ment is, by i, a linear vector function of @ P 


their relative position.. The strain round 4Y 
that point is therefore sensibly homogeneous, P 
and the properties proved above for homo- , 
geneous strain are true of this also, the finite r 
vectors r, r’ being replaced by the infinit- 


esimal dr, dr’. i 
Considering only small strains the dyadic Vs 

is small, as is also its conjugate sV. The 

reciprocal of (1+ Vs) is (I— Vs), for their ra. 98. 


product differs from the idemfactor only by 
the square of the small Vs. Similarly the reciprocal of (I + sV) is 
([—sV). The equation (9) is therefore equivalent to 

dy = dr’-(T — Vs) = (I — sV)-dr’. 
Hence, neglecting small quantities of the second order, 

(dr)? = dr’-(I — Vs)-(I — sV)-dr’ 

= dr’-(I — Vs — sV)-dr’. 

Thus particles on a sphere with centre at P and radius e are dis- 


placed so as to lie on the ellipsoid whose equation relative to its 
centre P' is 


dr'.(1— Vs—sV)dr’=e? . . . (10) 
This is the strain ellipsoid for the point P. Inthe same way we have 
dr’ = dr-(1+ Vs) = (I + sV)-dr, 
and therefore 
(dr’)? = de(l + Vs)-(I + sV)-dr 
= dr-(I+ Vs + sV)-dr 
to the first order. Hence the ellipsoid 
dr-(I + Vs -+ sV)-dr = e? . . . dl 
deforms into the sphere (dr’)? = e°. This ellipsoid is the reciprocal 
strain ellipsoid, and is the reciprocal of (10) with respect to a sphere 
of radius e. 
Separating the dyadic Vs into self-conjugate and anti-self- 
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conjugate parts, we may write (9) in virtue of (21’), Art. 62, 


dr’ =dr-(l+)—drxw . . . (12) 
where D = 4(Vs + sV) 
and w = 4(Vs), = 4 curl s. 


The first part of the expression (12) represents a pure strain, because 
® is self-conjugate. The second part represents a small rotation 
of the particles round P as a rigid body, about an axis parallel to 
curl s, and through an angle whose circular measure is mod w. The 
rotation causes no dilation ; but the dilation due to the pure strain 
is, by the previous Art., 

0 = (Vs), = divs . . . . (13) 
The same value for the dilation also follows by the divergence 
theorem. For, considering any portion of the body bounded by a 
closed surface 9, its increase in volume owing to the strain is 


fenas = [aiv s dv. 


And since this is true for any surface 9, it is true for the infinitesimal 
surface surrounding an element of the body of volume dv. The 
increase in the volume of this element is therefore (div s)dv, and the 
dilation consequently div s. 

If curl s= 0, the rotation part of the strain is everywhere zero, 
and only the pure strain remains. A pure strain is therefore said 
to be irrotational. And since curl s= 0, we may put 

s= Vd 
where ¢ is a scalar point-function called the strain potential. In 
terms of this the dilation is 
0 = div s = V*¢. 
If the dilation vanishes in an irrotational strain, the potential ¢ is 
harmonic. 

91. Explicit expressions. Components of strain. If we express 

the displacement 8 as the sum of rectangular components in the form 


s = ui + vj + wk 


and expand the dyadics 
Vs = zif, sV = Ei, 
we have 
20 = Vs + sV =2 palit giit ak) 
Ta pik + ki) | | 
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which may be written more briefly 

2D = A(eyii+ eoi J+...) + gsi K+ kj)+...+..., 
the coefficients ¢,,,, being called the six components of strain. If 

dr = dr(li+ mj + nk) 
of length dr and direction cosines l, m, n, is the relative position 
vector of two neighbouring particles in the unstrained body, then 
by (11) it is strained to one of length dr’ given by 
(dr’)? = (dr)*[1 + (el? + egom? +... + eggmnt+...+...)] 

or 

dr’ = dr[l + (el? + egm? +... + eggmn+...+...)] 
if we neglect small quantities of the second order. The extension 
for this element is therefore 


_ dr’ — dr 


e ip = Cy)? + eM? t... + eggmn+... +... 


In particular ¢,,, €22, €33 are the extensions for elements which in the 
unstrained body are parallel to i, j, k respectively. 

Let dr, and dr, be a pair of elements whose direction cosines are 
lis My Ny, and la, Ma, Ngo, and whose extensions are e, and e,. Then 
if @ is their mutual inclination before the strain, and dashes indicate 
corresponding quantities after the strain, we have as above 

dr’ ,-dr’, = dril -+ Vs+ sV]-dr, ; 
that is, 
(1 + e,)(1 +- e,) cos & = cos O + 2(e,,0,1, + eggmym, +...) 
F €g 3(MyNo + MeN) +... t.. 


If the elements are perpendicular in the unstrained body, @ = 5 and 


(5-6) is a small angle. Hence, neglecting quantities of higher 


order than the first, we have 
37 Q! = [Welly + CygMyMe +...) + Ezany + Mgr) +... 


This is the small change of inclination of two elements initially 
perpendicular. In particular e,, is the change of inclination between 
elements initially parallel to j and k. Similarly for e, and e, 
Hence the name “‘ components of strain ” given to the quantities emn. 

As remarked above, the small heterogeneous strain represented 
by (12) is equivalent to a pure strain followed by a rotation of the 
rigid element. The dyadic involved in the pure strain is 


1+D=J]+e¢,,ii+ ejt... + $e, K+ kiI)4+... 
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And since the components of strain are small, this may be written as 
the product of six factors, 


(L+ epiib(I + ezi)... [1+ $e K+ kj}... 


The first three factors correspond to simple stretches ¢,,, €s gs 
parallel to i, j, k respectively ; and the last three to simple shears 
whose planes are parallel to j and k, k and i, i and j respectively, 
with angular deformations £g, @3), €r9- 

Certain identical relations between the components of strain may be 
derived as follows. We have seen that 


Vs = ® — Ixw 


where ® and w have the same meanings as above. Applying Vx to 
both sides, the first vanishes by (9) of Art. 84, and we obtain 


Vx® = Vx(Ixw) = wV 


by (19) of Art. 85, since V-w = 4V-Vxs=0. Again, operating on 
both members with xV, the second vanishes, showing that 


Vx®xV=0 . . . . (14) 


If we introduce the nonion form found above for the self-conjugate 
dyadic ®, this equation gives six identical relations between the 
components of strain. 


Ii. Stress Relations. 


92. Stress across a plane at a point. We have already considered 
the stress at a point in a fluid across a plane through that point, and 
the intensity of stress as the force per unit area at that point. In 
the case of frictionless fluids the stress was seen to be normal to 
the surface considered, and always of the nature of a pressure. With 
a solid body or a viscous fluid the stress is not in general normal to 
the surface, the cohesion between particles rendering tangential 
action possible. 

Consider any surface through a point P of the body. Let n be 
the unit normal at that point and ôS the area of an element of the 
surface at P. Further, let òT be the force across this element acting 
on the particles at the back of the plane; that is, those lying in a 
direction from the surface opposite to that of n. Then the limiting 
value of the quotient T/S as 88 tends to zero will be spoken of as 
the (intensity of) stress or traction at the point P across the surface 
whose normal isn. In this way there is no question of whether the 
normal resolute of the stress is of the nature of a pressure or a tension. 
But in specifying the plane it is necessary to specify the sense of the 
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normal. If T,, is the stress at P across the surface whose normal is 
n, the force across the element of surface whose area is dS is then 
TdS acting on the material at the back of the element. 

To find the relation between the tractions at a point across different 
surfaces, consider an element of the body bounded by an infinitesimal 
tetrahedron PLMN (Fig. 16) whose edges PL, PM, PN are parallel 
to i, j, k respectively and whose face LMN is normal to the unit 
vector n directed outward from the tetrahedron. If A is the area of 
this face, the areas of the other faces are n-iA,n-jA, andn-kA. Let 
T,, T,, T, be the average stresses at P across the faces whose normals 
are i, j, k. Then the force across the face PMN is niAT, acting 
on the material to the back of the plane, and therefore — n-iAT, on 
the material inside the tetrahedron. Similarly for the other two 
perpendicular faces. If T,, is the average stress across the face 
LMN, the force across this face acting on the material within the 
tetrahedron is AT,. Lastly, if A is the perpendicular distance of P 
from the plane LMN, p the average density of the material in the 
figure, and F the average external force per unit mass acting on it, 
the total external force on the material within the tetrahedron is 
thApF. Combining all these forces, we have for the equation of 
equilibrium of the element of the body 


AT, — niAT, — n-jAT, — n-kAT, + ĮhApF = 0. 
If now the volume of the element tends to zero, the plane LMN 
moving normally to itself toward P, h tends to zero, and therefore 


also the last term. In the limit the stresses all become stresses at P, 
and the equation gives 


n=niT,+n-jT,+n-kT, 


=n. . . . . . (15) 
where the stress dyadic ¥ is defined by 
Y=iT,+j7,+ kT, ° ` . (16) 


And since the traction across a plane at P is independent of any 
choice of axes, the dyadic ¥ defined by (16) is invariant with respect 
to the choice of rectangular axes. 

93. The stress equations of equilibrium. Take a body at rest in 
its strained condition, and consider the portion of the body lying 
within a closed surface S not passing outside the body. The material 
within 9 is in equilibrium under the external force F per unit mass, 
and the total stress over S. If n is the outward normal at a point Q 
of this surface, the stress acting on the material within S across the 
element of surfaco at Q is n-‘l'd.S, where dS is the area of the element 
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and Y the value of the stress dyadic at Q. Hence for the equilibrium 
of the portion of the body within S we must have 


[rras + fora =0, 
which by (28) of Art. 87 is equivalent to 
for + pF)dv = 0. 


And since this is true for all such surfaces S, the integrand must 
vanish identically, so that 


VY+pF=0 . . . . (17) 


If the body is in motion, the acceleration of a particle, whose 


2 
displacement is $, is ds The above argument then shows that the 


ae 
equation of motion corresponding to the equilibrium condition (17) is 
dg t 
VY + p(F- 5a) = 0 Ce UT) 


We have so far considered only the condition of equilibrium arising 
from the vanishing of the vector sum of the forces. The further 
condition, that the sum of their torques should also vanish, shows 
that the dyadic Y is self-conjugate. For if r is the position vector 
of the variable point, the condition for zero moment about the origin 
gives 

|r (nF )dS + [orstRae =0; 
that is, 
— [acras (PrE = 0, 
which by (28) of Art. 87 is equivalent to 
(iorxF — VFI) = 0. 
And since this is true for every surface S, the integrand vanishes 
identically, giving 
prxF — V-(P xr) = 0, 
If now we expand the second term, the equation may be written 
prx = (VY) Lis E o, 


The sum of the first two terms is zero by (17). Henee by (8”), 
Art. 56, 


Y= — Bitxi 0 toe (18) 
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and since the vector of the dyadic ¥ is zero, the dyadic is self- 
conjugate. 

From this it follows that three mutually perpendicular unit 
vectors i’, j’, k’ can be found such that 

F= Ti + Tòi + Tk’. 

The stresses across planes perpendicular to these vectors are 
T i’, Tà, Tk’ respectively, being therefore normal to the planes. 
These normal stresses are called the principal stresses at the point 
considered, and the planes to which they are normal are the 
principal planes of stress. 

The general nonion form of the self-conjugate dyadic ¥ is 


YF = Tiit Taj + Takk + Takt kj) +... +... 
The stress across a plane whose normal is i is 
iY =x Tai + -Tiaj + T 4k. 


Hence the physical significance of the six quantities Tm, For 
instance, T, is the resolute in the direction of j of the stress across 
a plane normal toi. Since 7, = Tap this is equal to the resolute 
parallel to i of the stress across a plane 
normal to j. 

94. Geometrical representation of stress. 
The traction at the point P across the plane 
normal to the unit vector n is n-Y’, and is 
therefore normal to the quadric surface 

rr = e . . (19) 
at the point R whose position vector rela- 
tive to P is paralle! to n, and equal to rn 
(say). Hence across the principal planes 
of this quadric the stresses are normal to 
the planes, which are therefore the principal 
planes of stress at P. This surface is Known 
us Cauchy s stress quadric. For any plane 
through P the resolute of the stress normal to the plane is 


Fra. 27. 


2 
€ 
Tn = nln =i 


and therefore varies inversely as the square of the radius of the stress 
quadric which is normal to the plane. If we introduce the quadric 
which is reciprocal to the above in a sphere of radius e, viz. 

euie a . . . (20) 
the direction of the stress across the plane at P normal to PR is 
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parallel to PR’; and the normal resolute of this stress as found 
above is 


where p’ = PQ’ is the length of the perpendicular from P to the 
tangent plane at R’. Thus the normal stress across any plane at P 
varies as the square of the perpendicular from P to the parallel 
tangent plane to the quadric (20). This surface is known as Lamé’s 
stress-director quadric. 

Further, the magnitude T', of the stress at P across a plane 
perpendicular to n is given by 


T= ne Yn, 
Hence introducing the ellipsoid 
reF?r = e . . . . (21) 


——> 
whose radius vector P È = rn, we have 


showing that T,„ varies inversely as the radius of the surface (21) 
perpendicular to the plane considered. This surface is known as 
Cauchy’s stress ellipsoid. The reciprocal surface, called Lamé’s stress 
ellipsoid, is 

r(P)%p= e . . . . (22) 


If the tangent plane to this surface perpendicular to n is cut by PR 
in Q’ (Fig. 27), the length of PQ’ is p’ = ejr. Hence 


showing that the magnitude of the stress at P across any plane 
varies as the length of the perpendicular from P to the parallel 
tangent plane to the ellipsoid (22). In particular the principal 
stresses at P are proportional to the axes of Lamé’s stress ellipsoid. 


ITI. Isotropic Bodies. 


95. Stress-strain relations. A body is said to be isotropic when 
its physical properties at any point are independent of direction. 
Bodies for which this is not true are termed anisotropic. 

For all the small elastic strains that are met with, experiment 
proves that the intensity of the deforming stress on a given body 
varics as the strain produced by it. This relation is known as 
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Hooke’s Law. We assume the generalisation of this law, and define 
a perfectly elastic body by the property that the six components of 
stress at any point are linear functions of the six components of 
strain. Consider an elementary parallelepiped whose edges are 
parallel to the principal axes of strain atthe point. Let €1, Cg, Eg 
be the principal extensions. Then, if the body is isotropic, the 
stresses across the faces of the parallelepiped will be normal to the 
faces, because the elastic properties are independent of direction. 
Thus the principal planes of stress are normal to the principal axes 
of strain. Let 7,, T, Tg be the magnitudes of the principal 
stresses at the point. Then, by the generalised form of Hooke’s law, 


Ti = Aye) + ACz + Age g 


the values of the constants À„, depending on the nature of the 
material. But À, = Às because the properties of the body are 
independent of direction. Hence 


Ti = Aaler + ez + e3) + (Ay — Age, 
which may be more conveniently expressed 
Ti = Ale + Co + €s) + Zue. 
Similarly 
T, = Aler + (23 + €z) + Zue, 
and 
T's = Ne, + €p + €z) + ZuE 


where the constants À, u depend on the elastic properties of the 
material. The coefficient of À in these expressions is the sum of the 
principal extensions, which by Art. 91 is equal to ®, or the dilation 
6 at the point. 

If i, j, k are the unit vectors parallel to the principal stresses, we 
have for the stress dyadic 


F= Tii+ Tjj+ Takk 
= Afe, + ey + eg)i + Petal + e ejj + ek E) 
= AOL +2yn0. . . . . (23) 


a 
by Art. 91, since the strain dyadic ® is here referred to its principal 
directions. This is the required relation between the stress and 
strain dyadics. Since both sides are invariant, the relation holds 
for any rectangular axes of reference. If we introduce the general 
nonion forms of ® and F given in Arts. 91 and 93, the equation (23) 
is equivalent to six scalar relations between the components of stress 
and strain, of the forms 
Ty = AO + 2pey, Try ~ peza 
10 
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Also, equating the scalars of the two sides of (23), we obtain, since 


= 4, 
@=(8A+2y)6 . = . . (24) 
where © is the scalar of Y, and is equal to Ty, + Tas t T33, Or 


to the sum of the principal stresses T,+ Ta + Ta It is of course 
invariant. 


96. The equations of equilibrium in terms of displacement. In 
the equation of equilibrium l 
pF + V-¥ = 0, 
substitute the value of ¥ given by (23). Then 
pE + VAGI + Vs + usV) = 0 
by the definition of D. Now l 
V-(6l)= Ve . . by (16’) of Art. 85 
_ and 
V-(sV) = VVs = VO. by (11) of Art. 84 
Hence our equation is equivalent to 
pE + (A+ p)VI+ pV's=0 . . . (25) 
This is the required equation of equilibrium in terms of the dis- 


placement s, since 0 = divs. It may be written in the alternative 
form 


pE + (A+ 2u)V6 — 2unVxw=0. . . (25') 
where w =}V xs is the rotation of the element at the point considered. 
On taking the divergence of both sides we obtain the relation 

V-(pF) + (A+ 2n)V270=0 . . . (26) 
so that if there are no impressed forces F, the body being in equili- 
brium under surface traction only, the dilation 0 is an harmonic 
function. By (24) the same is then true of O. 


The stress at a point, across a plane perpendicular to the unit 
vector n, is 


n=O = n(\01 + V8 + usV) 
= n-(AI + 2uVs+ wlxVxs) 
by (21’) of Art. 62. Putting w = 4 curl s we may write this equation 


T,=AOn+2y84Qunxw 2 |. EN 


97.* The strain-energy-function. Imaginc that the displacement 
8 at each point of the body is increased by an infinitesimal amount 
ôs. The work done on the material within a closed surface S drawn 


* This Art. may be umitted by tho reader if he so desires. 
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in the body, by the impressed force F and the stress over S, is 
SW = | oY -8adS + [ek Budy 


= | [V-('P-88) + pF-Ss}du 


by the divergence theorem. The first term of the integrand may be 
expanded by Exercise 18 of Chapter VII., and the result written 


SW = fjv + p¥)-Sadv + fe : V(8s)dv. 


Now the first integral is zero by (17). And remembering that Y 
is self-conjugate we may write 
Y : V(ds) = F : SVs = F : $8(Vs + 8V) 

= YF ; ôD 

= (ABI + Zp) : dO. 
Theri because O=, and [:5@ = (ô), =ô, by Exercise 22, 
Chapter VII., this expression is et\ual to 

AD, 5D, + ZuD : SO = 45(AD,2 + Zu : H) = 40(¥ : D). 


Hence the work done by the forces during the infinitesimal displace- 
ment is 


SW = | 45(H :O)dv = 8 [ace : Ojdv. 


Summing for the whole displacement of the body from its unstrained 
state to the final displacement 8, we have for the work of the im- 
pressed forces and the stress over S upon the enclosed portion of the 
body 


W= [HE :O)do . ~.. (28) 


The function 3(":) is called the strain-energy-function, and 
represents the potential energy per unit volume of the strained body. 
If we use the value of Ọ from Art. 91 in terms of the components 
of strain, and then the value of F given by (23), we easily calculate 
the energy-function in the form 


ACF : O) = BAG? + Zulenn? + ge? + ega?) + pleg? + eat er2”)] (29) 


IV. Motion of Viscous Fluids. 


98. Stress. The discussion given in Part II. of this chapter, of 
the stresses in a deformable body at rest, is immediately extended to 
the casé of motion by equating the vector sum of the forces on any 
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portion of the body to the rate of increase of its linear momentum. 
In this way, if v is the velocity of the fluid at any point, and there- 


fore a the acceleration of the particle there, we have only to replace 


‘the impressed force F in that discussion by (r — a) The argument, 


moreover, is equally true for solids and fluids. In the case of a 
perfect fluid we have seen that the stress across a plane is always 
normal to it, and hence that the magnitude of the stress-intensity 
at a point is independent of the direction. For a viscous fluid in 
motion, however, this is not the case. 

With the notation of Art. 92, if T,, T,, T, are the intensities of 
stress across planes perpendicular to i, j, k through the point P in 
the viscous fluid, the stress T,, across a plane perpendicular to n is 
given by 

oe T,= n€ 
where f is the stress dyadic 
Y=iT, +jT,+ kT, 
which has been proved self-conjugate. And in place of the stress 


equation of equilibrium (17) we now have the equation of motion 
for the. fluid 


VY + pF = (30) 


Pn 


And since Y is self-conjugate, there are three mutually perpendicular 
unit vectors i’, j’, k’ such that 


F= Ti + TL) + T KE. 
The stresses across planes perpendicular to these vectors are normal 


to the planes, which therefore constitute the principal planes of 


stress at the point: The corresponding stresses are the principal 
stresses at the point. 


The scalar Y, of the stress dyadic is an invariant. If, with the 
usual notation, we write 
T, = Tyi+ Ty) + Ty 5k, 
and so on, this scalar has the value Ti, + Teo + Tsg, which is the 
sum of the normal intensities of stress across three mutually perpen- 
dicular planes. It is also represented by 7,+ T,+ T, the sum 


of the magnitudes of the principal stresses at the point. We shall 
denote its value by — 3p. Thus 


Yi = — 3p . . . . (32) 
p being the average value of the normal intensity of pressure for 
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three perpendicular planes through P. In the case of a fluid at 
rest, p is simply the pressure at that point. 

99. Rate of strain. Let v= ui- vj + wk be the velocity of the 
particle at P. The rate of change (per unit length) of the linear 
element of the fluid at P in the direction of a is a Vv, and is 
therefore a linear vector function ofa. The dyadic Vv here involved 
may be written 

Vv = (Vv + vV) — 41x(Vv), 
=@ — Ixw . . (32) 
where w = $ curl v is the vorticity or molecular rotation of the fluid 
at P, and © is the self-conjugate dyadic 


© = (Vv + vy) 
ðu.. æ., ðw WY. , 
=g tte +t Bak + ki) +... 
which we may write 
DO =e, iit eCogl it... + fegGk+kjI)+... +... . (33) 


The coefficient e}, = (i-®)-i is the resolute parallel to i of the rate of 
change of a linear element in the direction of i. We call this briefly 
the “‘ rate of extension parallel to i.” Similarly e, and es, are the 
rates of extension parallel to j and k ; while e,, is the rate of decrease 
of the angle between elements parallel to j and k. And since ® is 
self-conjugate, there are three mutually perpendicular unit vectors 
i’, j', k’ such that 

D= eii t+ ejj tekk . . © (33) 


The directions of these are the principal axes of the rate of strain, 
the rates of shear for the perpendicular planes being now zero. 
The dyadic ® may be called the rate of strain dyadic. 

The scalar of ® is an invariant relative to coordinate axes, having 
the value 


D, = $(Vv + vV), = (Vv), = Vv 


by Art. 83. And it was shown in Art. 35 that the divergence of the 
velocity is the rate of dilation of the fluid at P. We shall denote 
it by 6. In terms of the principal rates of strain, 
6 =D, = ey + eg t ez. . . . (34) 
100. Relation between stress and rate of strain. By considera- 
tions of symmetry, if the fluid is isotropic the principal axes of the 
rate of strain will be parallel to the directions of the principal stresses. 
For a fluid at rest the principal stresses will be equal to each other, 
and to the negative of the pressure p at that point. We assume that, 
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for a fluid in motion, the differences between the principal stresses 
and the value of — p given by (31) are linear functions of the 
principal rates of strain, so that we may write 
Ty = — pt Ale + e+ eg) + Zue, 
T= — pt Ale + ez + eg) + 2peg, 
T,= — p + Ale + €z + €g) + PITZA 
where À, u are constants depending on the physical properties of 
the fluid. Adding these equations we have, in virtue of (31) and 
(34), 
— 3p = — 3p + 30 + 28; 
that is, 
A= — $u. 
‘The stress dyadic may now be expressed 
Y= Tii + Tii + Tk E 
= — pl — guðl + 2u® . . . . (35) 
in virtue of (33’). This relation is independent of the axes chosen ; 
so that, for axes that are not principal, we have the relations 
Ty, = — p— ĝu + Ruen, ete., 
To3 = Pegs, ete. 

The constant u is called the coefficient of viscosity. Its physical 
meaning may be illustrated by the case of “laminar’’ motion, 
in which the particles move in one direction in a system of parallel 
planes, the velocity in any plane being proportional to the distance 
from one of the parallel planes. Taking i parallel to the velocity, 
k perpendicular to the planes, and the origin on the plane of zero 
velocity, we have 

v= cai, 0 = div v= 0, 
Vv=cki, vwV=cik, 
and therefore 
= — pI + cu{ik + ki). 
The stress across a plane perpendicular to k is then 
kY = — pk+ cpi. 
Thus the tangential stress between two consecutive strata parallel 


to the velocity is cu per unit area, that is, u times the (scalar) gradient 
of v in the direction of k. 


101. Equation of motion. The stress equation of motion (30) 


can be transformed by using the value of ¥ given in (35). It then 
becomes 
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which, in virtue of (11') and (16’) of Chapter VII., is equivalent to 
dv 
(a — F) =— Vp+ EVO + pV” . . (36) 


‘The quantity v = u/p was called by Maxwell the “ kinematical co- 
efficient of viscosity.” In terms of this we may write the equation of 
motion 


dv l 
g E- Vpt gVO+Vw o (36) 


which, as in Art. 37, may be given the alternative form 
am 2vxw = F — “Vp + 3VO +V? — }Vv? . (37) 
Or again, since 
Vev = VVev— V xV xv, 
we may also write the equation 
ov 
at 


If the impressed. force F is derivable from a potential V, so that 
F= — VV, and if, further, p is uniform or else a function of p only, 


— Quxw + 2Vxw = F- -Vp + V0 4v o. (87) 


we may define a function P such that VP = Vp, and the second 


member of (37’) is then the gradient of a function U given by 
= — (V+P- 50+ iv’). 
The equation of motion then takes the simple form 


SY L 2vxw + 29Vaw = VU . . . (38) 


The equation of continuity is the same as in the case of a frictionless 
fluid, viz. 


Op = 

ait Ve(pv) =O. . . . (39) 
or 

dp a Q0’ 

ATOYI a a B0 


In the case of a liquid p is invariable in time, and the last equation 
is simply 0 = 0.. 

The definitions given in Art. 38 of line of flow, vortex line, vortex 
tube, and circulation apply to the viscous fluid also. The strength 
of a vortex tube is constant along the tube, and is equal to half the 
circulation round any closed path drawn on the surface of the tube, 
and encircling the tube once only. The case of a viscous fluid in 
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equilibrium is the same as that of a frictionless fluid, since the 
tangential stress vanishes with the velocity. 


102.* Loss of kinetic energy due to viscosity. Consider the body 
of fluid contained within a closed surface S moving with the fluid. 
Let dv be the volume of an element containing always the same 
particles, so that ipd) =0. The rate of increase of the kinetic 


energy of the fluid within S is 


= (ev + pF)-vdv . . . . (40) 


by (30). Now the rate at which work is done on this body of fluid 
by the impressed force F and the stress over S is 


pF-vde + Jarvyvas = fiery + V-(Y-v)jdv 


by the divergence theorem; and by Exercise 18 of Chapter VII. 
this may be expressed 


| (pF + VeP) ido + fe : Vydo. 


Hence the excess of the rate of work over the rate of increase of the 
kinetic energy is 


fx : Vudu = hg :Odv . . . (41) 


since YF is self-conjugate. The integrand ¥ :® then represents this 
expenditure of energy per unit volume. By (35) the value of this is 
(— pl — S01 + 2p) 3 O. 

And since 1: ® = @, = 6, we have, on using the expression (33) for ®, 
ED = — pb — $6? + ulen? + ez? + egg?) + pleg? + es? + eg). 
The term — pô is the rate of expenditure of energy in compressing 
the fluid; the remaining terms give the rate of expenditure in 

overcoming viscous resistance. 
103. Vortex-motion of a liquid. For a liquid let p be uniform 
and invariable. Then @ = 0 by the equation of continuity, and 
P -|? =? 
P P 
On the assumption of a force potential the equation of motion is (38). 
Taking the curl of both sides, and using the formule (18) and (22) 


* The reader may omit this Art. if he so desires. 
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of Chapter I., it follows because div v = 0 that 


a +veVw— wVv — Vw = 0, 


which is equivalent to 


zi = wVv + »V'w. . . . (42) 
The last term is that part of the rate of increase of w which is due 
to viscosity ; and the form of the equation (42) shows that this 
variation follows the law of thermal conduction. By analogy, then, 
it follows that vortex-motion cannot originate in the interior of the 
liquid, but must be communicated inward from the boundary. 

Kelvin’s circulation theorem does not apply to a viscous fluid, 
owing to the term pV°v in (36). 


EXERCISES ON CHAPTER VII. 


1. Simple dilation. For a strain given by s= ar, where a is a 
(small) constant, show that the dilation @ is constant and equal to 
3a. Also Vs=al. Hence, for an isotropic body, prove that 


YF = (3A + 2y)al 
and 
T, = (3A + 2y)an. 


The stress is therefore always normal to the surface, and the stress 
intensity constant in magnitude and equal to T. say. Then 
T 
ð 
where k is called the bulk-modulus of the material. 


=A+du=k, 


2. Simple shear. Consider the strain defined by s = ayi. Show 
that 0 is identically zero, and Vs = aji. For an isotropic body, 


Y= ap(jit+ ij). 
Show that the stresses across planes normal to i and j are T, = apj 
and T, = api, being therefore tangential in both cases. The magni- 
tude of either stress is T = ap. The change in angle for a square 
with sides parallel to i andj is a radians. And T/a- yp is called the 
simple rigidity of the material. Generally denoted by n; so that 
n=. Cor. In terms of n and k the constant A is 
A= k- au = k -- gn. 


3. Stretch-squeeze corrosponds to s=azxi-— byj-— bzk. Show 
that 0 = a — 2b and Vs = aii— b(jj+ kk). For an isotropic body, 


W = A(a— 2b)1 + 2u(ai i — bj j — bk k). 
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Hence find T, T,, T; = iY, jF, kY respectively. If 
b A 
a (À+ p) 
T, and T, both vanish, while N 
_ . _ pda + 2y)ai 
T, = 2u(a+ b)i = iEn | 


If T is the magnitude of this stress, a being the corresponding 
extension, 


is called the Young’s modulus of the material. The ratio of the lateral 
contraction to the longitudinal extension 


b À 3k — 2n 


1a BOF a) ~ Bn Be) 
is called Poisson’s ratio for the material. Since -n is positive, 7 is 
clearly less than $. 


4, Show that, when there are no impressed forces, the displacement 
s for an isotropic body satisfies the equation V4s = 0. 


5. Referred to orthogonal curvilinear coordinates £, n, ¢ with 
arcual parameters h,3 he, h, (Art. 11), let the displacement have the 
value s = ua + vb + we where a, b, ¢ are unit vectors parallel to the 
coordinate axes at the point. Prove that the six components of 
strain are given by 

l ðu v dh, w dhy 


a= BET hm On t hh OL’ 
e, = 3 (z ye an) 
28 ho On\Ig/ * hg IEN” 
and similar equations. The values of the dilation @ and the rotation 
w may be written down by Arts. 12 and 18. 


6. Find the Cartesian equivalents of the identical relation 
Vx®xV = 0 of Art. 91. ; 


7. If an elastic body is subjected successively to two systems of 
forces, the work that would be done by the forces of the first system 
if the displacement were that duc to the second, is equal to the work 
that would be done by the forces of the second system if the dis- 
placement were that due to the first ; or 


[orsa + [rusas - [Rady + [Pasas. 


This is Betti’s reciprocal theorem. (Use the method of Art. 97.) 


8. An isotropic body is subjected to a hydrostatic pressure 
T,= — pn uniform over the surface, the impressed force being 
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zero. Show that 

(3A + 24) odv = — 3pV 
where V is the volume of the body. 


9. An isotropic body is subjected to an impressed force F per 
unit mass, and a surface traction T,. Prove that 


(3A + 2) Ody = f orFdv + feT,as, 
r being the position vector of the point considered. 


10. Show that the equation (14) of the present chapter is also 
true for the rate of strain dyadic in the motion of viscous fluids. 


11. Prove that the equation for impulsive generation of motion 
in a viscous liquid is the same as that for a frictionless liquid. 


12. Express the equation of motion (36’) for a viscous fluid by 
three scalar equations in i, cylindrical coordinates ; ii, spherical polar 
coordinates ; iii, general curvilinear coordinates. 


13. In the slow steady motion of a viscous fluid under no impressed 
forces, show that 


faas =0 


where the integral is taken over any closed surface drawn in the fluid. 


14. Viscous liquid fills the space within a closed fixed boundary 
at which there is no slipping. Show that the rate of dissipation of 
energy due to viscosity (Art. 102) is 


41] wide. 


In the general case, when the above boundary conditions are 
removed, show that the rate is 


sy [waar + | (a-Vo" — 4n-vxw)dS. 


15. Express the components of rate of strain in curvilinear 
coordinates (cf. Ex. 5), and hence also by Art. 100 the components 
of stress for a viscous fluid. 


16. In the slow steady motion of a viscous liquid through a fine 
circular tube of radius a and length UJ, show that the velocity at a 
distance r from the axis, on the assumption of no slipping at the 
surface of the tube, is 


V = Pı- Perra? _ r?), 


ul 


where p,, pp are the pressures at the ends of the tube. Hence the 
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volume of liquid that flows through per unit time is 
V= nat (py — Do) 


Su ` Io o 

17. The space between two concentric cylinders of radii a and 
b( < a) is filled with a viscous liquid. The outer cylinder is kept 
fixed, and the inner is rotated with angular velocity w about their 
common axis. On the assumption of no slipping of the fluid at the 
surface of the cylinders, show that the torque necessary to hold the 
outer one stationary is 4mpuwu?b?/(a?— b?) per unit length of the 
cylinder. 


CHAPTER IX. 


ELEMENTARY THEORY OF ELECTRICITY AND 
MAGNETISM.* 


In the present chapter we shall assume that the reader possesses 
an elementary practical knowledge of electrical and magnetic 
phenomena, such as is acquired by most students in a first year’s 
course in Physics at any university. It is our purpose to give a 
mathematical setting for such knowledge, and to show how this 
leads up to the more advanced parts of the subject, built upon the 
electromagnetic equations of Maxwell and Lorentz. 


Intensity and Potential. 


104. Point charges and poles. ‘The force of attraction or repulsion 
between two small bodies charged with electricity, or between two 
magnetic poles, is along the straight line joining them and is jointly 
proportional directly to the charges e, e’, or the pole strengths m, m’, 
and inversely to the square of their distance r apart. We write this 

Fa ec" 
T 


mm’ 
z or Fa Fr: 
The electrostatic (E.S.) unit of charge and the unit magnetic pole 
are chosen so that, when air is the medium between the bodies, the 
constant of proportion is unity in each case. Thus in the case of air, 
mm’ p 


ee 
F=—, or = — 
r r 


The intensity of the electric force, or the 


electric intensity at a point P, is measured r 
by the forco that would act on a unit positive e 
charge placed at P This is a vector quantity. © Vio. 28 


If the electric field is due to a single charge 
e at the point O, the intensity at the point P, whose position 


* Tho whole of this chapter, oxcopt Arts. 107 and 116, is independent of the 
theory of dyudics, and can be roud if desired immediately aftor Art. 28. 
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vector is r relative to O, is 


E-%~-v(2} 


The same argument, as in the case of the gravitational force (Art. 22), 
shows that e/r measures the work done against the electric intensity 
in bringing a unit ‘positive charge from infinity up to the point P. 
This is called the electric potential at P, and will be denoted by V. 
Thus the electric intensity and potential at a point are connected 
by the relation 
E =- VY. 

Similarly the magnetic intensity at a point is measured by the force 
that would act on a unit positive pole placed there. The intensity 
H at P due to a pole of strength m at O is 


H-~v(") - VU, 


where U = m/r is the magnetic potential at P due to the pole at O. 

Suppose that the electric field is that due to several charges 
€ &,....at the points O,, O,,... from which the distances to P 
are fi, %,... respectively. Then the intensity at P is the vector 
sum of the intensities due to each ; that is, 


E= -V(2)— v(2)- =~ VÉ 


The work done in bringing a unit positive charge by any path from 
infinity up to the point P is 


v= f Edr = — [ 2: = 5f. 
P rr r 


Thus the potential at P due to the system of charges is the sum of 
the potentials due to each; and E= — VV. Also, as in Art. 22, 
the potential satisfies Laplace’ s equation 


V2V =0, 


except at the points occupied by the charges. This ‘cquation may 
also be written 


div E = 0. 
Similarly in the magnetic ficld due to poles of strengths m,, Mg, .. . 
at the points O,, Oz, . . . the potential at P is 
U=S", 
T 
and the intensity is 


H- ~ VES = - VU. 
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The equation 
V2U=0 or divH=0 


is satisfied except at the points occupied by the magnetic poles. 

105. Continuous distributions. If the field is due to a volume 
distribution of charge of density p, or of magnetism of pole strength p 
per unit volume throughout a certain region, the potential due to 
such a distribution is 


Vor U= (fa 


The integration is to be extended throughout the region occupied 
by electricity or magnetism, or throughout the whole of space since p 
is identically zero elsewhere. As in Art. 23, the potential and in- 
tensity due to such a yolume distribution are finite and continuous 
at all points. 

If the field is due to a surface distribution of charge of density o 
per unit area, or of magnetism of pole strength o per unit area, 
the potential at a point P is 


VorU = fas. 


This integral is of the same type as that which expresses the potential 
due to a simple stratum of matter over S (Art. 27). Hence its value 
is finite and continuous everywhere, and possesses a continuous 
gradient except at the surface S, where the normal derivative 
possesses a discontinuity of — 4c. 

Gauss’s theorem of total normal intensity (Art. 24) is equally true 
for the electrical and magnetic cases. Thus the total normal in- 
tensity over any closed surface drawn in the field is equal to 47 
times the sum of the enclosed charges, or 47 times the sum of the 
strengths of the enclosed poles. We may write this 


| E-nd§ = 4r 2e = 4n [pdv 
or 


| H-nds = 402m = 4 pdv. 


It follows, as in Art. 25, that at a point P where the density of the 
volume distribution is p, the potentials V, U satisfy Poisson’s 
equation 

VeV .. -- Arp 

VU  -- Aap. 


This is true for all points except those occupied by a surface distribu- 
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tion, for the derivatives of V or U are discontinuous at such a surface. 
Laplace’s equation of the preceding Art. is a particular case of 
Poisson’s, for which p = 0. 

The equipotential surfaces for an electric or magnetic field are the 
level-surfaces of the potential function V or U. A line of force is 
one whose tangent at any point is parallel to the intensity there. 
Hence the lines of force are orthogonal to the equipotential surfaces. 
A tube of force is the region bounded by the assemblage of lines of 
force passing through a closed curve in the field. It follows from 
Gauss’s theorem that the normal surface integral of the intensity, 
taken over a section of a tube of force (Fig. 18), is the same for all 
sections along a portion of the tube not enclosing any charge or poles. 
This constant value is called the strength of the tube. 


Magnetism. 


106. Magnetic moment. Short magnet. The action of a bar 
magnet is equivalent to that of two opposite poles of equal strength 
situated near the ends of the magnet. The line joining the poles 
is called the axis of the magnet, their distance } apart the length of 
the magnet. The moment of the magnet is a vector quantity whose 
direction is that of the axis from the negative pole to the positive, 
and whose magnitude is jointly proportional to the length of the 
magnet and the pole strength m. Thus, with the obvious choice 
of unit moment, we have for the moment of the magnet 


M = mla 
where a is a unit vector parallel to the axis of the magnet, in the 
direction S to N. 

A short magnet is one whose length is small compared with its 
distance from the various points considered. Suppose a short 
magnet of length ds and pole-strength m placed in a magnetic field 
whose potential is U. The moment of the magnet is M = mdsa. 
If U is the value of the potential at the negative polc, the value at 
the positive pole is U + dsa-VU. Hence the potential energy of 
the magnet placed in the field is 

-mU + m(U + dsa VU) = M-VU } a) 

= —-MHj) ' 
where.H is the intensity of the field in the neighbourhood ot the small 
magnet. The forces on the magnet are — mH at the negative pole 


and m(H + dsa VH) = mH + M-VH at the positive pole. These are 
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equivalent to a force M-VH together with a torque 


dsaxmH=MxH . . . . (2) 


Suppose that we require to find the magnetic field due to a short 
magnet. Letr be the distance measured from a point 
P of the field. The potential at P due to the nega- P 


tive pole is then — ~ , and that due to the positive 
pole ae + dea-V-), Hence the potential at P due 


to the magnet is médsa-V= = M-V- , where it is to be 


understood that the operator V refers to a variable 

point in the neighbourhood of the magnet, P being O 
the pole from which r is measured. If, however, $ 
we take P as the variable point and the centre 
of the magnet O as pole, since 


1 1 
Vp 77 —Vors 


Fria, 29. 


we may more conveniently express the potential due to a short 
magnet, at a point P distant r from it, as 


U= mvi ‘a 8) 
The magnetic iritensity at P due to the magnet is 

= — VU 

= (vv. oe A 


by (13) of Chapter VII., M being a constant vector. 
107. Two short magnets. If there are two short magnets of 
moments M, M’ at the points P, P’ respectively, their mutual action 
is easily found by the preceding Art. Let 
p’ r be their distance apart, P being regarded 
, 28 the pole from which r is measured. 
M The intensity due to the first magnet is 


r, H = (vvž)m. Hence the potential energy of 
the system, being the potential energy of the 
second magnet in the field due to the first, 

M is by (1) j 
Fia. 30. -M'H=- M.(VV;)-M. 


The dyadic in this expression is self-conjugate. Its value is easily 
11 
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shown to be , 
vv = 3, r— ty 


r5 r3” 


The action on the second magnet is equivalent to a force and a 
torque. The value of the force is 


M’.VH = M'.V(M-VV_), 


whose value is easily found in terms of r and r (cf. Ex. 17, 
Chap. VII.); and the value of the torque is 


MW’ xH = wx(vv:)m 
= ŠM'xr Mr- SM xM. 
r r 


The force and torque on the first magnet differ only in sign from 
those on the second. 

108. Poisson’s theory of magnetisation. It is found that the 
magnetism of a permanent magnet does not reside only at the 
so-called poles. Every portion of the body, however small, is 
magnetised, and has a magnetic field identical with that of a certain 
bar magnet. The moment of this equivalent magnet is called the 
magnetic moment of the portion considered. Let dv be the volume 
and dM the moment of an element of the body in the neighbourhood 
of P. As dv tends to zero the quotient dM/dv tends to a definite 
finite limiting value I,* called the intensity of magnetisation of the 
body at P. In other words, the intensity of magnetisation at a 
point is the magnetic moment per unit volume in the neighbourhood 
of that point. The moment of an element of volume dv is then 

dM. = Idv. 

Consider now the field due to a magnetised body bounded by a 
closed surface S. The potential at a point P is the sum of the 
potentials due to all the elements of the body. If r is the distance 
of P from an element at Q whose moment is dM = Idv, the potential 
at P due to the element is, by Art. 106, 


dU = AMV = LV ,adv, 


the operator V, having reference to a variable point in the neigh- 
bourhood of Q, and P being the pole from which r is measured. 
With this understanding we may drop the suffix Q. The potential 
due to the whole body is then 


U = [evia 
r 


* This will not be confused with the Idemfactor. 


§§ 108, 109] POISSON'S THEORY 163 


Transforming the integrand and using the divergence theorem, we 
may write for the value of the potential . 


U = {| aiv G) — - div I Jav 
= [Sas — (aa wy 
r T. 


Hence the potential is the same as that due to a volume distribution 
of magnetism of pole strength p = — div I per unit volume, and a 
surface distribution of pole strength o=n-I per unit area. This 
potential is continuous even at the surface of the body; but the 
normal derivative of the part due to the surface distribution has at 
the surface a discontinuity of 470 = 4rn-I. 

When the intensity of magetisation is uniform, p == div I= 0, and 
the potential is that due to a surface distribution only, viz. 


U = t- [pas 
r 


wel 
In the case of a straight bar magnet uniformly magnetised in the 
direction of its length, o is zcro over the sides, and at the flat ends 
has the value 

o=Ien= I. 


This justifies the practice of regarding the ihagnetism as localised 
at the poles, the pole strength per unit arca being the (scalar) in- 
tensity of magnetisation. 

109. Action on a magnetised body in a non-homogeneous magnetic 
field. Consider a body whose intensity of magnetisation is I, in a 
magnetic field of potential U and intensity H = -- VU. An element 
of the body of volume dv is equivalent to a short magnet of moment 
Idv. The action of the field on the clement is therefore (Art. 106) 
equivalent to a force I-VHdv and a torque Is Hdv, Take any point O 
of the body as origin, and lot r be the position vector of this clement 
relative to-O. Then, considering all the elements of the body, we 
find the action of the field on it to be equivalent to a force 


F. (rva 
through the origin, and a torque 
L- | [rx (LVH) + I» Hdv. 


110. Magnetic induction. Consider a body B magnetised by 
induction, under the influence of other magnetic bodies. Let U, 
be the potential due to the other bodies, U, that duc to the induced 
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magnetism in B, and I the intensity of magnetisation of B. By 
Art. 108 the value of U, is the same as the potential due to a certain 
. volume distribution of magnetism through B of density p = — div I, 
and a surface distribution of density o= nI. The potential U, 
due to these distributions. has a definite finite value for points 
within B; and we define the total magnetic force H for a point 
inside B as the vector sum of the intensity H, = — VU, due to the 
external bodies, and H,=— VU, due to the volume distribution 
p and the surface distribution o. Thus H = H, +H}. 
Now by Poisson’s equation 


Arp = VU, = div H,, 
and by Art. 105 
= — V?U, = div H,. 
From these results it follows that 
div (H, + H,) = 4rp, 


or 
div H= — 4r div I <- (6) 
The vector 
B=H+47I_. . . . (7) 
is called the magnetic induction ; and the last equation shows that 
div B= 0 . . . . (8) 


Hence, by the divergence theorem, the integral of the normal 
induction n-B is zero over any closcd surface which encloses only 
induced magnetism. 

In thecase of an isotropic body magnetised by induction (influence), 
the intensity of magnctisation I has the same direction as the 
magnetic forec H, and the quotient I/H is called the susceptibility 
of the material, being denoted by k. The magnetic induction is 
then 


B = (1 + 4rk)H = uH (say), 
and has the same direction as H. The quantity 


p=lt+4nk 
is called the magnetic permeabilily of the material. 

The boundary conditions that are satisfied at the surface of separa- 
tion of two different media of permeabilities u, and pa will be 
discussed in Art. 114. 

111. Magnetic shell. By a ©“ magnetic shell” we understand 
a shell of infinitesimal thickness, magnetised at cach point in the 
direction of the normal, and in such a way that if dM is the moment 
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of an element of the shell of area dS, the quotient dM/d9 tends to a 
definite finite limit Mn as dS tends to zero, n being the unit normal 
directed from the negative to the positive face of the shell. The 
quantity M is called the strength or (scalar) moment of the shell 
at the point considered. The moment of an element of area dS 
is then 

aM = MdSn. 


The shell is said to be “ uniform ” when the strength M is the same 
for all points. 

We may calculate the potential of the field due to a uniform 
magnetic shell, not necessarily closed. Take an element of the shell 
at Q, distant r from P. The moment of the element is MdSn; 
and the potential at P due to it is 


aU = MoV -dS 
_ mê (Yas M28 84g 
On\r r? 


where @ is the inclination of QP ton. This may also be written 


dU = Mdg 
where d¢ is the solid angle subtended at P by the element of 
n 
Ao p c P 
r Q + 
A << > B 
a~\ \+ “5 se eee -7 
Fra. 31. Fra, 32. 


the shell, being reckoned positive when @ is acute. Summing for 
all the elements of the shell, we have for the potential at P due to 
the whole shell 
U = Md . . . » (9) 
that is, Jf times the solid angle subtended at P by the shell. In tho 
case of a closed shell magnetised in the direction of the outward 
normal, the potential is -- 47/7 for points within the shell, and 
zero for all external points. 
If P is a point adjacent to the shell on the positive side, and Q 
a similar point on the negative side, their distance apart being in- 
finitesimal, the potential at P exceeds that at Q by 47M. To prove 
this consider the closed uniform shell consisting of the original part 
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ACB and another part ADB; so that Q is within the closéd shell 
and on the negative side. If U, U’ are the potentials due to the 
original shell and the part ADB respectively, it follows that . 


U,+ Ug = —40M 
and 


U, +U; =0, 


since @ ‘is inside, and P outside, the uniform closed shell. But 
U; = U,’, since P, Q are adjacent points at a finite distance from the 
part ADB. Hence on subtraction of the above results we have the 
required relation 


U,-U,=40oM . . . . (9 


Electrostatics. 


112. Theory of dielectrics. In Arts. 104 and 105 the medium in 
which the electric force was considered was assumed to be air. 
For other insulating media the potential due to given charges 
has different values. The behaviour of the insulating medium or 
dielectric is best explained by analogy with magnetic induction in a 

-‘magnetisable body, along the lines of Poisson’s theory of Art. 108. 
Each particle of the dielectric under electrical influence is assumed 
to become polarised, the small positive and negative charges on the 
particle separating slightly from each other, and forming an 
elementary electric doublet with a definite small electric moment, 
analogous to the moment of a small magnet. The value P of the 
electric moment per unit volume at a point is called the polarisation 
of the medium at that point, and is analogous to the intensity of 
magnetisation. 

The polarisation of the dielectric produces an electric field whose 
potential V, is equal to that due to a volume distribution of charge 
of density p’= — div P throughout the dielectric, and a surface 
distribution of density o = n-P over the boundary of the dielectric. 
The electric force E, due to the polarisation is defined for all points 
as the negative gradient — VV, of the potential V, due to these 
distributions. In addition, the charges in the field of volume density 
p produce a potential V, and an intensity E, = —VV,. The total 


electric force E at any point is the vector sum of E, and E,. 
Now by Poisson’s theorem 


trp = — VV, = div E, 
and 


4rp = — V?V,= div E.. 
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‘ Hence by addition 
div (E, + E,) = 4rp + 4zrp’, 
which is equivalent. to 
div (E + 47P) = 47p. 

The vector E+ 47P is called the electric induction, and is denoted 
by D. Thus ; 

div D = 4rp . . . . (11) 
Tf then we take any closed surface S, the divergence theorem shows ' 
that l 


[n-pas = fav Ddv = 4n [pdv (12) 


or the total normal induction over the surface is equal to 47 times 
the total charge enclosed. This is the theorem of total normal 
induction. 
If the dielectric is isotropic, P is parallel to E and proportional to 
it. Writing P/E = k we have 
D = (1+ 4ak)E. 


The quantity 1+ 47k is denoted by K, and is called the dielectric 
constant, or “ specific inductive capacity.’ It is analogous to the 
permeability u of Art. 110, but differs from it in that, while p depends 
on the value of H when the latter is not small, K is practically inde- 
pendent of the value of E. Thus, when the dielectric is isotropic, 


D= KE . . . » (13) 
and the equation (11) may be written 
div (KVV) = — 4ap . . . (11°) 


_ 113. Coulomb’s theorem. We may find the value of the electric 
intensity E at a point just off the surface of a charged conductor, 
by applying the theorem of total normal induction as follows. Take 
a small closed cylindrical surface, as in Art. 27, enclosing an element 
of the surface of the conductor of area dS. The plane ends PQ, RS 
(Fig. 15) of the cylindrical surface aro parallel to the tangent plane 
at the element, one just inside the conductor and the other just 
outside. The generating lines are normal to the surface of the 
conductor ; so that the area of cach of the plane faces is dS, and that - 
of the curved cylindrical part is negligible compared with dS. 

Tf o is the surface density of the charge on the conductor in the 
neighbourhood of the element, the charge enclosed by the above 
surface is odS. The normal induction over the cylindrical surface 
is zero, for the double reason that the area of this part is negligible, 
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and the intensity is parallel to this surface, being perpendicular to 
the-equipotential surface of the conductor. Within the material of 
the conductor the potential is constant, and the intensity is therefore 
zero over the face PQ. Hence it is only the face RS which con- 
tributes anything to the normal induction over the closed surface. 
If K is the dielectric constant for the medium adjoining the conductor, 
the theorem of total normal induction gives 


KE-ndS = 4rod8. 
And, since E is parallel to n, it follows that 
4no 
E= Dd . . ‘ . (14) 
while the induction is 
D=4mon . . . . (14) 


This result is due to Coulomb. 

114. Boundary conditions. Suppose that, at a certain surface 
in the field, the value of K possesses a discontinuity, changing 
abruptly from K, on one side to K, on the other. Then the induction 
itself will in general be discontinuous, the following relations holding 
at the boundary : 


i. The normal resolute of the induction has a discontinuity 47, 
where ø is the surface density of the charge (if any) at the 
surface of discontinuity. 

ii. The tangential resolute of the intensity is continuous at the 
surface. 


We may prove the first of these by applying the theorem of total 
normal induction to the same small cylindrical surface PQ RS as in 
K, 5 the previous Art., with 
K, plane ends PQ, RS in the 
p R media K,, K, respectively. 

Q n The theorem then gives 


2 


(Din, + Dy-n,)dS = trods 


where D,, D, are the values 

n, of the induction on the two 

sides of the surface, and 

n,, n, the unit normals directed from the bounding surface in 
each case. Putting n= n, = — n, we have the required relation 


Don — Din = 4ro . . . . (15) 


Fra. 33. 


or 
(K,E, — K,E,)-n = Ano. 
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If, as is usually the case, there is no charge on the surface of dis- 
continuity, the normal induction is continuous there. l 
The second relation may be proved by considering a rectangular 
circuit PQ RS whose sides PQ, RS of length ds are parallel to the — 
surface, while QR, SP are normal to it, and have lengths of the 
second order only. From the principle of energy the work done in 
taking a unit charge round this circuit is zero. Hence if F,, F, 
are the resolutes of the intensity in the two media in the direction 

PQ or SR, we have 
F\ds — F.ds = 0, 


and therefore F, = F, as stated. 

Similarly it may be shown for the magnetic field that at a surface 
of discontinuity where the permeability changes abruptly from py 
to ua the tangential resolute of the magnetic force and the normal 
resolute of the magnetic induction are continuous. 

115. Electrical energy. Let the field be that due to any distribu- 
tion of charges. The potential energy due to the charges is equal 
to the work spent in establishing the distribution from an original 
condition of zero charge everywhere. To find its value imagine 
that the system is charged by successive small increments, so that 
at each instant the potentials of all the parts are proportional to 
their final potentials. In this way the small increment of charge dQ 
on any portion of the system is to its final charge Q, as the small 
increment dV in the potential of that portion is to its final potential 
V. Thus 

pe = 2 = C (say). 
Hence the work done on the system during the small change is 
E Vd = UCVAV 


where the summation refers to all the portions of the system. By 
integration we have the value of the total work from the condition 
of zero charge everywhere to the final condition, as 


V 
| ECVAV = ZECV? = ,EQV 
0 


where Q is the charge on any portion, and F the final potential of 
that portion. Thue if the system of charges consists of a space 
distribution of density p, and a surface distribution of density o, 
the energy of the system is 


W = afovas+ Hova . . . (16) 
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Let the surface distribution lie on one or more conductors. Con- 
sider the region external to these conductors, bounded by their 
surfaces and a sphere of very large radius R. If n is the unit 


normal directed outward from this region, then, by Coulomb’s 
theorem, 


K K 
o= — gE = anv’: 


while, for any point in the region, 


l. 


In the above expression for W the surface integral may be taken 
over the infinite sphere also; for at infinity Vn-VV is of the order 
1/83, and the area of the sphere of the order R?. Hence the energy 
of the system may be expressed 


W = gf KVaV Vas — shy div (KVV )dv 
Sar Sar 
- =-|taiv (KVVV) — V div (KVV)]d. 


Expanding the first term of the integrand by (15) of Art. 8 wë may 
write this 


1 
= [Edw tem n o o an 
7 Sar 


For this reason the dielectric is often regarded as the seat of the 
energy ; and the energy per unit volume is then 


l- l 
—E.D = — 2 
g ED g KE’. 


A similar argument shows that, in the case of the magnetic field, 
the potential energy of the distribution of magnetism is 


1 
-1 -1 2 
= y fEBw = 5 feE dv . . . (18) 
and the density of the magnetic energy in the medium is 


1 l 
-A.B — __,, 2 
gH B 3H 


per unit volume. 
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Electric Currents. 


116. Magnetic field associated with a current. Oersted discovered 
that a circuit carrying an electric current has associated with it a 
magnetic field whose intensity is proportional to the strength of the 
current. To Ampère is due the enunciation of the law from which 
the magnetic intensity at any point may be determined. This law 
may be stated: The magnetic field due to the current in a closed 
circuit is identical with that produced by a certain magnetic shell, 
whose bounding edge coincides with the 
position of the circuit, and whose strength 
is proportional to the current. The direc- i 
tion n of magnetisation of the shell is , 
positive relative to the sense in which the n 
current travels round the circuit. The 
electromagnetic (E.M.) unit of current is 
chosen so that the constant of proportion 
in the above relation is unity when the 
medium is the ether; that is, so that a 
current of strength 7 is equivalent to a magnetic shell of strength 7. 
Then the potential of the magnetic field due to the current is 


U=iġ. . . .  . (19) 


at a point P, at which ¢ is the solid angle subtended by an open 
surface bounded by the circuit, ¢ being reckoned as positive when 
the current as viewed from P describes the circuit anti-clockwise. 

In a medium other than the ether, the magnetic field due to the 
current 7 is equal to that due to a magnetic shell of strength pi, 
u being the permeability of the medium. The value of p for air is 
practically unity ; so that the equivalent shell for air may be taken 
as of strength +. 

The electromagnetic (E.M.) unit of charge is the quantity of 
electricity conveyed. by an E.M. unit current in one second past any 
point of the circuit. This is very much larger than the electrostatic 
(E.S.) unit defined in Art. 104. The ratio of the E.M. to the ES. 
unit is denoted by c ; and experiment shows that its value is approxi- 
mately 3x10!°, a number which also measures the velocity of light 
in the ether in cm./sec. Also sinco, in either system, unit current 
conveys unit charge in unit time past any point of the circuit, c is 
also the ratio of the E.M. to the ES. unit of current. Lastly, in 
each system, unit work (the erg) is done when unit charge is moved 
against unit electric intensity through unit distance (the cm.). That 


Fie. 34. 
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is to say, the units of electric intensity in the two systems are in the 
l. 
inverse ratio of the units of charge ; so that - -is the ratio of the E.M. 


to the E.S. unit of. intensity. These relations will be used in the 
next chapter. 

From the above value of the magnetic potential U due to a current 
flowing round a circuit we may deduce an expression for the magnetic 
intensity H in terms of the circuit itself. Inserting the value of the 
solid angle ¢ subtended at P we have 


U = ib = ifn-v cas 


where dS is the area of an element at Q of the open surface bounded 
by the circuit, and r is the distance PQ. Hence the magnetic . 
intensity at P is 


H= —V,U=- iV p|n-Vo-d8 
= ifn-VaVend8 ° . . . . (20) 
the dyadic yv being self-conjugate. If now in formula (24) of 


Chapter VII. we put V = VE, so that div V = 0 and (VV)n = m-VV, 


that formula becomes 


|¥(;) a = — favvžas 

r r 

where dris an element of the circuit whose sense is that of the current 
in the element. Hence (20) is equivalent to 


H=- ifv, £ sJan) 
- ifv) | 


Q being the variable point and P the fixed pole in the first expression, 


(21) 


while in the second @ is the pole and V k is calculated relative to P as 


variable point. Thus the magnetic intensity may be calculated 
as though the element dr of the circuit at Q contributed to the 


intensity at P an amount iV „xdr, which is perpendicular both to 
the element and to QP, and is of magnitude ids sin 0/r?, ds being the 


> 
length of dr and @ its inclination to QP. 
117. Circuital theorem. The tangential line integral of the 
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magnetic intensity due to a current, taken round any closed path 
threading the circuit once, is equal to 47. 

Let the closed path be PRQP. The line integral round this path 
is equal to that along PRQ if P, Q are adjacent points, because the 
intensity in the neighbourhood of these points is finite. Now replace - 
the electric current by an equivalent magnetic shell, chosen so as to 
pass between Q and P. In 
this way the path P RQ is right 
outside the material of the 
shell; and the line integral P 
of the intensity along it is R n a amo 
equal to the fall of potential 
in passing from P to Q. But, 
since these are adjacent points 
on opposite sides of the shell, Fia. 35, 
this difference of potential is equal to 4mi by 09. Hence the 
theorem. 

If the closed path does not thread the circuit, it does not cut the 
magnetic shell. In this case there is no fall of potential from P to Q, 
and the line integral of the intensity is zero. 

Cor. The work done in taking a unit positive pole round the 
closed path QRP embracing the current once is cqual to 4ni. If 
the path Q RP is threaded by the current circuit n times in the same 
direction, the work done is 47rni. 

118. Potential energy of a current. Mutual inductance. The 
magnetic potential at a point P due to the current 7 in the cireuit 
is U=id. If a pole of strength m be placed at P, the potential 
energy of the system is mU or mid. Further, the normal surface 
integral of the intensity due to this pole, over an open surface S 
bounded by the circuit, is 


N- - fav. (Z)as -= -= m|n-V azas 
r T 
= — mo. 


This integral of the normal intensity over S is called the magnetic 
flux through the circuit, or sometimes the “ number of lines of force 
threading the circuit.” Thus if N is the magnetic flux through the 
circuit due to the pole, the potential energy of the system is -. Ni. 
For any number of poles the magnetic flux through the cireuit is 
the sum of those duc to the separate poles ; so that the potential 
energy of a system consisting of a current and any distribution of 
poles is equal to — ¿ times the total magnetic flux through the 
circuit. 
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Suppose there are two circuits A, B in the neighbourhood of each 
other. Let M be the magnetic flux through B due to a unit current 
in A. Then if i, 2’ are the currents in the two circuits, Mi is 
the flux through B due to the current in A, and the potential energy 
of the current 3’ due to the proximity of Ais — Mii’. As this must 
depend symmetrically on the two circuits, it follows that M is also 
the magnetic flux through A duetoaunitcurrentinB. The quantity 
M is called the mutual inductance of the two circuits. 

119. Equations of a steady electromagnetic field. Suppose now 
that the flow of electricity is not confined to one or more wires, but 
is distributed generally throughout the medium, which must there- 
fore be a conducting medium. At any point P let a be the unit 
vector in the direction of the flow, and let dg be the excess of the 
positive electricity over the negative that flows per second across an 
elementary surface through P of area dS and.perpendicular to a. 
Then if f is the limiting value of dq/dS as dS tends to zero, the vector 
fa defines the current density at P. We denote it by j. It is the 
rate of flow of the electricity per unit area across a surface at P 


perpendicular to the direction of flow. The current across any 
surface drawn in the medium is 


= [nias. 


Now by Art. 117 the tangential line integral of the magnetic 
intensity round any closed path drawn in the medium is equal to 
d&r times the sum of the currents enclosed by the path. The sum 
of these currents is equal to the rate of flow of the electricity across 
an open surface bounded by the path. Hence 


| H-dr = 4n|mids, 

o 

which, by Stokes’s thcorem, may be written 
fo curl Has = | 4nn-jdS. 


And since this is true for any surface, we must have identically 
cul H= 4rj . . . . (22) 
from which it also follows that 


div j=90 . . . . (23) 


On the assumption that the medium is not magnctised, it follows 
from (6) that 


div H — — 4rdivI - 0. 
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We may then, by Art. 26, express the solenoidal vector H as 


H= i curl = Hi 
drr r 


or 
H=curlA . . . . . {24) 
where the vector A has the value 
1 fcurl H j 
a-o d= |$ lw (88) 


and is called the vector potential of the magnetic force. Ifthe current 
density j is zero, both A and H vanish identically as we require. 

120. Field due to a linear current (otherwise), As an illustration 
of these results, we may show that the intensity of the magnetic 
field due to a linear current, calculated from the preceding Art., has 
the value already found in Art. 116. 

Let A be the area of the cross-section of the circuit, t the unit 
tangent in the direction of the current, and i the strength of the 
current. Then on the circuit the current density is j = ti/A, but is 
zero elsewhere. The volume of an element of the circuit of length 
ds is Ads. Hence the vector potential of the magnetic force is 

A= fia = [5 Ads _ ifa, 
T A r r 
giving for the value of the magnetic intensity at P 


H= curl A= 7 curl (Fas. 


Using (16) of Art. 8, and remembering that t is not a function of the 
point P where the intensity H is considered, we find 


H ifv.(2) «tds = IOK 


which is the value already found in Art. 116 by a different method. 
121. Neumann’s formula for mutual inductance. Let A, B be 


two circuits in the neighbourhood of each other. The intensity of. 


the magnetic field due to a unit current in A is 


H = cwl A 
where, by the preceding Art., 


A { ids =f -dr 


where the suffix A to the integral sign denotes integration round 
the closed circuit A, ds being the length of an element of that 
circuit, and r its distance from the point 2 whore the intensity 
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is considered. The mutual inductance of the two circuits is the 
magnetic flux through B due to unit current in A. If dS’ is the 
area of an element of an open surface bounded by B, this flux has 
the value 


= fonas = [e curl AdS’ 


-Í A-dr’ 
where dr’ is the vector determined by an element of B (fig. 36). 
Introducing the above value of A, we have finally a 
m-f |p ©.. (86) 
BJA? 


the integration being taken round both circuits. If 0 is the inclina- 
tion of the elementary vectors dr and dr’, this is equivalent to 


m-f | asa (28) 
BJA l 


which is Neumann’s formula for the mutual inductance of the two 
circuits. : 

122. Action of a magnetic field on a circuit carrying a current. 
We have seen that the magnetic field due to a current may be 
calculated on the assumption that an element dr of the circuit at Q 


produces at P a magnetic intensity iV G )xdr, where r is the dis- 


tance QP. A unit pole at P would then be acted on by this force ; 
and wo should therefore expect that the unit pole would act on the 
element of circuit with an equal and opposite force. Such a force 


would be iV Ac )xde. But Vor = — H, where H is the magnetic 


intensity at Q due to the pole at P. Thus the element of circuit 
in the magnetic field H due to the pole would be acted on by a force 
idrxH. That this is true generally, whatever the cause of the 
magnetic field, may be verified as follows. 

Let the element of circuit at Q be displaced by a small amount 
dg without rotation. The consequent increase in the vector area of 
an open surface bounded by the circuit is dsxdr, and the increment 
in the magnetic flux through the circuit is 


H-ds« dr = drxHeds. 


Hence, by Art. 118, the consequent decrease in the potential energy 
of the current in the magnetic field is 


idr x Heds. 
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This must be equal to the work done during the dis 
by the force acting on the element dr of the circuit ; suuv 
the value of this force is idrxH, as stated above. 

123. Mutual action of two circuits. Consider the two circus 
A and B of Art. 121. The magnetic intensity due to the current 
in A is 

H= i[v(;) xtds 
where t is the unit tangent at the element ds. Hence the force on 
an element dr’ = t’ds’ of B, carrying a current 7’, is 


it! x Hds! = ist [V( =) tdads’ 


With any convenient point O as origin, let r’ be the position vector 
of the element ds’ of B. Then the forces on the different elements of 
B are equivalent to a rigid body resultant 


F = af | t'x(Vixt) dade’ So (27) 
BJ A r 
acting through O, together with a torque 
L= af | r’x[t’x(Vixt)jdsds’ |. (88) 
BY A r 


The integrand for the resultant force F may be written 
ttyl- Ve b= vevi- (Oe 
r r 


When this is integrated round the circuit B, t is a constant vector, 


. | 
and the second term vanishes because zis single-valued. Hence the 


vector sum of the forces on the circuit B is 


F af [ v; Y! t-tdsds' 
h 


i [feos eV dads’ , , . (27) 
12 
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which may be looked upon as due to a force of attraction 
ii’ cos e dsds’/r? between two elements of the circuits, of lengths 
ds and ds’, and mutual inclination e. 


EXERCISES ON CHAPTER IX. 


1. Show that the potential at P due to a uniformly magnetised 
body is 
I l 
| div ziv = bÍ viðv 
r r 


where r is the distance from P as pole to the element dv. 

Hence prove that the potential due to a uniformly magnetised 
solid sphere of volume V is the same as that due to a short magnet 
at its centre, whose moment is VI. 


2. Find the mutual potential energy of two magnetic bodies. 
If U is the potential due to the first, and I’ the intensity of 
magnetisation of the second, their mutual potential energy is 


[rev Udv’ = | [div UY -U div I'ydv' 
= [Un ras" , fv div Idv’, 
the accented symbols referring to the second body. 


3. The mutual potential energy of two magnetic shells of strengths 


M, M' is 
= um’|( H dsd = -mm f| 

where the integrations are to be taken round the two rims. 

4. Thp mutual potential energy of two magnetic molecules of 
(scalar) moments M,-M'’ is 

MM’ 
rs 

where ¢ is the mutual inclination of their axes, and 6, 6’ those of 
their axes to the line joining them. 

Also show that the invariant F-L of the force and torque on either 


magnet (Art. 107) is equal to 
MM’? 
3( 7 ) (cos e — 2 cos 0 cos 6’)p sin e 


- where p is the shortest distance between the axes. 
Hence the torque on either magnet vanishes if 


cos € = 2 cos A cos O. 


(cos e — 3 cos 6 cos 6’) 


5. Show that the vector potential A (such that H = curl A) has 
the following values : 
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i. In the field due to a magnetic molecule of moment M, 
A = VixM. 
r 
ii. In the field due to a long straight current ¢ parallel to a, 


A= —2ilogra 


where r is the perpendicular distance from the wire. 
iii. For a uniform field of intensity Hk, 


A = 4H (xj — yi). 
iv. In the field due to a body whose intensity of magnetisation is I 


A= [vixia 
r 


Tf I is uniform, 
A=- I [viæ= ~IxVU 


where U is the gravitational potential due to a body of the same 
boundary and unit density. 


6. If the law of force is the inverse kth power of the distance, prove 

that the potential due to a short magnet of moment M is 
1 l 
U =~ pM V (z): 
and that the mutual potential energy of the two magnetic molecules 
of Exercise 4 is 
TETT [cos e — (k + 1) cos ĝ cos gi 

7. Find the mutual action between two magnetic molecules when 
the law of force between two poles is the inverse kth power of the 
distance (ef. Art. 107). 


8. If U is the potential of the earth’s magnotic field and F the 
vertical component of the magnetic force at the Earth’s surface, 
show that the field in outside space may be considered as due to a 
surface distribution of density 

F U 
2r 4na 
where a is the earth’s radius. (St John’s Coll.) 


9. Find the magnetic intensity at a point in the plane x= 0 due 
to two magnetic molecules of equal moment Mk at the points + ai. 


10. Determine the magnetic intensity due to a long straight steady 
current. 

Hence find the force and the torque on a magnetic molecule in 
the neighbourhood of the current, 


11. A direct current and the return current. flow in long parallel 
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wires. Show that the lines of magnetic force due to them are all 
viteles, (St John’s Coll.) 


12. Regarding the earth as a uniformly and rigidly magnetised 
sphere of radius a, and denoting the intensity of the magnetic field 
on the equator by H, show that a wire surrounding the earth along 
the parallel of south latitude A, and carrying a current ¢ from west 
to east, would experience a resultant force towards the south pole 
of the heavens, equal to 


6raiH sin À cos? A. 


18. Show that the magnetic intensity inside a long straight 
solenoid with n turns per unit length, carrying a current t, is 4mni 
parallel to the axis of the solenoid. 


14. Show that the inntual action of two circuits (Art. 123) may 
be calculated as though two clements ds, ds‘ of the circuits attracted 
each other with a force 

dsds‘ 
r? 
where e is their mutual inclination, and 0, 6’ their inclinations to the 
line joining them. This is Ampére’s rule. 


at (2 cos e — 3 cos 6 cos 6’) 


15. Express the equation 
div (KVV) = — 4p 


ini, general curvilinear coordinates ; ii, spherical polar coordinates ; 
iii, cylindrical coordinates. 


CHAPTER X. 


THE EQUATIONS OF MAXWELL AND LORENTZ. 
THE LORENTZ-EINSTEIN TRANSFORMATION. 


I. The Electromagnetic Equations. 


124. The total current. The current density j was defined in 
Art. 119 as the vector rate of flow of electricity per unit area across 
a surface perpendicular to the direction of flow. If p is the volume 
density of the electricity at a point P, and v the velocity of the 
charge there, the current density at P is given by 


j zz pv. 
Or, more generally, on the assumption of several currents through 
the same point, of volume densitics p,, p,,... and velocities v, 
Va» - -~ the current density at P is 

j = Zov, 


in which p is negative for currents of negative clectricity. The total 

density of the electricity at P is then Xp. We shall argue in terms 
of only a single current at cach point; but to satisfy the more 
general assumption we have only to replace p in tho following by 
up, and pv by pv. 

The fundamental electromagnetic laws, as proved by experiment, 
refer to closed circuits, and otherwise have no meaning. We follow 
Maxwell’s line of reasoning, assuming that the laws are also applic- 
able to open circuits, gr making all circuits closed by counting as 
a current something which is not actually a flow of electricity. In 
Art. 119 we arrived at the equation 

curl H = 4rj . . . . i 


on the assumption of a steady field This requires div j= 0; and 
if j has the value pv with which we started, the equation div (pv) = 0 
is inconsistent with the equation of continuity (Art. 35) 


Ap . 
< + div -0 
5 div (pv) -- 0, 


which is as true of electricity as of a material fluid. 
181 
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To overcome this difficulty we assume that the theorem of total 
normal induction is true, not only for electrostatics, but universally. 
As shown in Art, 112, this theorem is equivalent to 


divD=4m . . «= ii 


in virtue of which the equation of continuity becomes 


Hence the equation i may be taken to hold without affecting the 


1 aD . 
laws for steady currents, if we give j the value (z Fr pv) in 
electrostatic (E.8.) units ; or in electromagnetic (E.M.) units 

1/1 æD see 
= Ag ny + pv) . . . . lil 


c being the ratio of the E.M. to the E.S. unit of charge as defined in 
Art. 116. The second term of this expression gives the actual rate 
of flow of electricity. The first term, involving the rate of change 
of the electric induction, is what Maxwell called the displacement 
current. It is also termed the ether-current-density. 

125. The electromagnetic equations. Faraday’s researches proved 
that when the flux of magnetic induction through a circuit is chang- 
ing, there is an induced E.M.F. round the circuit, whose measure in 
E.M. units is equal to the rate of decrease of the flux. If E is the 
value of the electric intensity in E.S. units, cE is its value in E.M. 


units, since, by Art. 116, the E.M. unit of intensity is only L times 


the E.S. unit. Hence since the E.M.F. round a circuit is the 


tangential line integral of the intensity, the above law of electro- 
magnetic induction shows that 


ə 

-5 [ n-BdS = | Ear, 

dS being the area of an element of an open surface bounded by the 
closed circuit. We assume, with Maxwell, that this relation is true 


for every closed circuit drawn in the field. In virtue of Stokes’s 
theorem we may write it 


_ [nas -= [en curl EdS, 


and since this is true for every surface, we must have identically 
1 ôB 

1E=--— . . . . i 
cur PET . iv 
Lastly, the magnetic induction was shown in Art. 110 to satisfy the 
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equation div B=0. Hence, collecting the results of this Art. and 
the preceding, we may combine them in the system of equations 


1/éD 
curl H = aa + rov) a” D 
1 2B 
curl E = — PETI . . . . (2) 
div D = drp . . . . . (3) 
div B = 0. . . . . . (4) 
When the medium is non-magnetic the last equation is simply 
div H= 0 . . . . (+) 


The general form of the equations (1)-(4) is due to Lorentz. In the 
case of free ether p = 0, B = H, D = E, and the relations then become 


1 2E 
curl H = sO . . . . (5) 
1 oH 
curl E = — z Or . . . . (8) 
divE =0. . . . . (2) 
divH=0.. . . . . (8) 


These equations were first obtained by Maxwell, and are called 
after him. 
From Maxwell’s equations it follows that, in free ether, 


1@E 1 oH 


eon a curl zT curl curl E 

= VE — VV-E. 

The last term is zero by (7), and we have 
> 1 E 

VE = 2 OF 

Similarly we may show that 
2 

vH = 5 OF, 

c* ate 


Thus both E and H satisfy the differential equation of wave-propaga- 
tion with velocity c; or, clectromagnetic actions are propagated 
through the ether with a velocity 3x10' cm./sec. Experiment 
shows that this is also the velocity of light in free space, thus giving 
considerable weight to the theory that light consists of electro- 
magnetic vibrations. In the case of any non-magnetic dielectric 
we deduce in the same way from Lorentz’s equations, putting 
D= KE and p= 0, that both E and H satisfy the differential 
equation VF K or 

c“ cl 


showing that the velocity of propagation in gencral is ¢/./K. 
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Finally, we need to add to the above equations one giving the 
value of the force per unit charge acting on the electricity at any 
point. This will be due‘partly to the electric intensity E and partly 
to the motion of the charge. For the latter component we generalise 
the result of Art. 122, giving the value of the force on an element of'a 
circuit carrying a current. The element ds of the circuit is acted 
on by a force itx Hids, where t is the unit tangent to the path. Ifv 
is the speed. of the current through the element, the charge on 
the element is ids/v E.M. units, and therefore the force per E.M. 
unit charge at that point of the circuit is vtx H = vxH, where v= vt 
is the velocity of the charge at the point. Assuming that the result 


is universally true, we have the force “vxH per E.S. unit of charge 


due to the motion of the electricity. Combining with this the force 
E per unit charge due to the electric intensity, we have 


F-EtwwsH . 2. @) 


for the total force per E.S. unit of charge acting on the electricity 
in the neighbourhood of the point considered. This force F is 
sometimes called the electric force at that point. 

The above result has been arrived at on the assumption of air 
(or the ether) as dielectric. In a medium of permeability u, the 
field due to a current i is equivalent to that due to a magnetic shell 
of strength ui (Art. 116), and the force on the element ds of the circuit 


is pitxHds. This leads to the component force EvH = ivxB per 


E.S. uñit charge, due to the velocity of the charge ; and the total 
force per unit charge is then 


F= E+ ivxB . . . . (9 


126. The electromagnetic potentials. The determination of the 
values of E and H, when those of p and v are known as functions 
of position and time, is most easily effected by means of certain 
auxiliary functions of the nature of potentials. We shall assume 


the ether as medium, so that Lorentz’s equations take the simple 
form 


1/2 
curl H= -(F 4 dnp¥) (10) 
lon 
divE=4m . .  . . . (12) 


div H =0 . . . . . (13) 
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As in Art. 119, we may satisfy the last equation by putting 


H=curlA . . . . (14) 
and substitution of this value in (11) shows that. 
1 2A 
curl (E+ z =o. 


The vector in brackets is therefore the gradient of some scalar 
function — ¢; or 1 OA 

E=- (v+ a): 
The function ¢ is called the electromagnetic scalar potential, and A 
the electromagnetic vector potential. Substituting in (10) the values 
of H and E given by (14) and (15), we find 


(va-: L 5 aa) - v(v-a il TOR = — oy, 


Similarly the same values of E and H substituted in (12) give : 
result which may be written 


1 ad 1 a¢ 
Vd — = = — 
(v $- Sajt z : (vat 3) = trp. 
It will be shown that we may impose upon the electromagnetic 
potentials the further condition 


(15) 


V-A +z = oe = . . . . (16) 
Then the last two equations become 
1] æ ér 
2. —_—_— SS ee 
(v st ZA py... (17) 
1 2 
(v-t 8) 


These equations are more general than Poisson’s, but of a somewhat 
similar form. Instond of the Laplacian V? we have the Dalem- 
2 

bertian GQ? = V? — z a ; and tho functions in (17) and (18) are 
functions of both position and time. We may express this using 
$(P, t) to denote the value of ¢ at the point P for the instant £. 
Solutions of (17) and (18) exist, analogous to tho solution of Poisson’s 
equation considered in Art.25. Thus if dvis the volume of an clement 
of space at the point Q, and r the distance from Q to P, the solution 
of (18) under consideration is given by * 


per- 


r 


f(P, t) = dv 


* See Exercises 1, 2 at tho end of this chaptor. 
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where the integration is extended throughout the whole of space. 
For the sake of brevity we shall use square brackets to indicate 
that the value of the function is to be taken not at the instant t, 


but for the previous instant t -Ż . Then the above solution of (18) is 


$ = [Pa . . . . . (19) 
and the corresponding solution of (17) is 
_ Lflev] 
A= =| ao . . . . (20) 


Functions of this nature are called retarded potentials, or sometimes 
propagated potentials. The value of ¢ at P at the instant ¢ depends 
upon the value of p at Q, not at this instant, but at the previous 


instant t— T, We may express this roughly by saying that the 
retarded potentials above are propagated with a velocity c, equal - 
to that of light. 

Having thus found the functions ¢ and A, the values of H and E 


are given by (14) and (15). And, further, the relation (16) is satisfied 
by the above values of ġ and A. For 


V.A = s flai pv|dv 


“i [te 


so that 1 a¢ ] 
V-A + za” f É + div pv |dv, 


and the integrand vanishes identically in virtue of the equation of 
continuity. 

127. Radiant vector. Consider the region bounded by a closed 
surface S. By Art. 115 the values of the electric and magnetic 
energies within S are 


1 l 
g_[EDu, g [EB 
respectively. Hence the rate of increase of the sum of these is 


1a 
sly? + HB)dv. 
Further, the force F per unit charge acting on the electricity within S 
is given by (9’). The rate at which energy is increasing owing to 
this is 


E+ LB “Win == | oB-vdv. 
p z P 
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Hence the total rate of increase of the energy within S due to all 
these causes is 


1 (7,2 
x | | #5,(B-D + H-B) + 4apE-v |dv 


1 (Tp /3D 2B 
= pE curl H — H curl E)dv 
drr 


c f. c 
= glav ExHd = — afa ExByas, 


corresponding to a rate of flow of energy 
c 
IN = . . ° 2 
R goH . (21) 
per unit area of a surface perpendicular to R. For this gives a rate 


c 
qu ExH 
per unit area, answering to the total rate of increase just found. 
The vector R is called the radiant vector or Poynting’s vector. 


128. Electromagnetic stress and momentum. Using the value 


of flow inward across the above surface S equal to — 


F=E+ivxB . ©.. (8) 


for the force per unit charge acting on tho electricity within a closed 
surface S, we have for the total force on the charge within S 


l 
(£ +- =pVxB \dv. 


Inserting the values of p and pv given by (3) and (1) we may write 
this 


ree . 1 aD 
malls div D+ (curl H- z am) B |e 


1 |ð 1 
= AE div D — Bxcurl H — = Ž(DxB) ~ 4D» (e curl E) |v i 


Suppose for simplicity that K and u are constant throughout the 
region. Then expanding 

V(D-E) = KV(E-E) 
and 

V(B-H) = »V(H-H) 
by (19) of Art. 8, and remembering that div B -- 0, we may write 
those terms of the integrand which do not involve differentiation 
with respect to ¢ as 


(E div D+ D-VE) + (H div B | B-VH)— {V(D-E + B-H), 
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which, by Exercise 2 of Chapter VII., is equal to 
V(ED + HB) — 47Vu . . . ii 
where u = (DE +B-H) is the sum of the electrostatic and 
vie 


magnetic energies per unit volume. ~ Then since Vw = V-(ul), we 
may transform the volume integral of ii to the surface integral 


je D+ HB — 4rul)-nds, 


the dyadic in brackets being self-conjugate. Thus the portion of the 
total force i not involving time-differentiation may be represented 
by a stress over the surface S equal-to ¥-n where n is the unit outward 
normal and 


Y=- (ED+HB)-ul o 22 
4r 


is the stress dyadic. The idea of this stress for the case of the ether 
is due to Maxwell; and the stress is often called Maxwells electro- 
magnetic stress. 

The remaining portion of the total force i is represented by the 
integral 
1 ô 


(DxB)dy = ~ z 5[D«Bae iti 


- gla Bt 4 


The vector 


1 
= TPB . . ' . (23) 


is frequently called the electromagnetic momentum per unit volume, 
a term due to Abraham. In this way the above result may be 
expressed: The total electromagnetic stress over the surface S is 
equal to the vector sum of the total electric force on the charge 
within S and the rate of increase of the electromagnetic momentum 
of the enclosed region. 


II. The Lorentz-Einstein Transformation. 


129. Introductory. Origin of the principle of relativity. The 
purpose of the remaining pages of this book is to furnish a brief 
introduction to the study of relativity. The general theory of 
relativity and gravitation, as advanced by Einstein about cight 
years ago, is quite beyond the scope of this work ; and its presenta- 
tion seems to require some special analysis, such as the absolute 
differential calculus of Ricci and Levi-Civita. We shall therefore 
confine our attention to the restricted principle of relativity, which 
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deals with systems of reference whose relative motion is a uniform 
velocity of translation only. Even in this special theory, if we 
wished to make anything like a complete survey of the field, it 
would be advantageous to use the properties of fowr-vectors,* or 
space-time vectors of four components. But for the brief account 
here given the ordinary vectors of this book will be found sufficient. 

The principle of relativity owes its origin primarily to the attempt 
to express the laws of nature by equations which preserve the same 
form for all systems of reference ; and secondarily to the negative 
results of all efforts to detect the motion of the earth relative to the 
ether. It is a matter of common knowledge that the equations of 
motion of a body, as deduced from Newton’s second law, retain their 
original form when the frame of reference S is replaced by another S’ 
which has uniform velocity v relative to the former. If time is 
measured from the instant when a point O fixed in S coincides with 
the point O' fixed in 8’, the position vectors r, r’ of any other point 
relative to O, O' respectively are connected by 


r=r— tv 
where ¢ is the time variable. If the x-axis is taken parallel to the 
uniform velocity v, this is equivalent to 
x' = gvb, Y =Y, 2 =z 
The transformation represented by these relations leaves the 
Newtonian cquations of motion unchanged in form. 

This, however, is not the case if the transformation is applied to 
the fundamental equations of electrodynamics as stated by Maxwell 
and Lorentz. Observers stationed in the two systems would express 
the same phenomena by equations not identical, but differing in 
certain terms of the order v?/c?, where c is the velocity of light 
in free space. All experimental knowledge, however, leads to the 
conclusion that the actions taking place in S’ depend only on the 
relative velocities of the different parts of that system, and are 
independent of the relative velocity of S’ to any other system S. 
Starting with the desideratum that the mathematical expression of 
the laws of physical phenomena should be the same whether these 
phenomena are referred to S or to another system S moving 
Uniformly with respect to it, Lorentz and Einstein were led in different 
ways to the same substitution satisfying the requirements. The 
development of Einstein's point of view has led to the theory of 
Relativity. 

* Cf. (wo papers by Che wuthor on Fourveetor Algebras and Analysis” 


in the Messenger of Mathematics, vol. 49, pp. 165-76, and vol. 50, pp. 40-61 
(1920). 
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130. The principle of relativity, and the Lorentz-Einstein trans- 
formation. The celebrated experiment of Michelson and Morley * 
was made to detect, if possible, a difference in the speeds of propaga- 
tion of light in different directions relative to the earth’s velocity. 
The negative results of this and other experiments, whose methods 
were sufficiently accurate to reveal effects of the order v?/c?, lead to 
the conclusion that the velocity of light as accurately determined by 
an observer in S is the same for all directions, and is independent of 
the motion of that system relative to other systems. More formally 
stated this principle is: Ewery light disturbance is propagated, in 
vacuo, relative to the system S with a constant speed c, whether it is 
emitted from a source stationary or in motion relative to 8. 

To make the assumption clearer, suppose that P is a point fixed 
in the system S, and that an arbitrarily moving point-source of light 
emits a flash just as it is passing through P. Then, to an observer 
fixed in S, the resulting spherical wave of light will travel out 
uniformly in all directions from the point P as permanent centre, 
the radius r at a time ¢ after the flash being equal to ct. Similarly 
if the point-source emits a flash while passing through a point P’ 
fixed in another system S’, then to an observer fixed in S” the 
spherical wave will have a permanent centre at P’, and its radius 
at a time t' after the flash will be 7’ = ct’. 

Considering the system (or frame of reference) S, suppose that at 
various points of it there are situated clocks which are fixed relative 
to S. The clocks are said to be synchronous if they satisfy the 
following condition. Let A, B be two points fixed in S, and suppose 
that a flash of light is sent from A at an instant when the clock at A 
registers ¢,. Let t, be the indication of the clock at B at the instant 
when the flash arrives at B, to be automatically reflected back 
to A, arriving there when the clock at A registers t. Then if 
b — t= t —#,, that is, 4, = }(t,+%,), the clocks at A and B are 
said to be synchronous. This definition of synchronism is, of course, 
based upon the ordinary idea of allowing for the time of transit. 
We shall suppose that all clocks fixed relative to S have been 
synchronised, and remain permanently synchronous. We may take 
it as axiomatic that if the clock at B is synchronous with that at-A, 
then the clock at A is synchronous with that at B. Also that if the 
clocks at A and B are cach synchronous with another clock at C, 
they are synchronous with each other. 


* Cf. Michelson, Light Waves and their Uses, p. 158. Also Michelson and 


Morley, Amer. Jour. of Science, 3rd ser., vol. 34 (1887); Phil. Mag., Sth sor., 
vol, 24 (1887). 
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Let S’ be another system (or frame of reference) with another 
series of clocks fixed relative to it and synchronous with one another. 
We can choose the units of length and time in the two systéms in 
such a way that, when the systems are in relative rest, they possess 
equal units of length and equal units of time. Then if the origin of 
timo is the same for each, the clocks of S’ are synchronous with those 
of S. 

Suppose now that by some means the system S’ has acquired a 
uniform velocity v relative to S. Let the origin of time in each 
system be taken as the instant when the two points O, O’, fixed in 
S, S’ respectively, were coincident ; and let these points be taken 
as origins of position vectors (or coordinates) for the two systems. 
Then at a subsequent instant any one point will have a position 
vector r (or coordinates x, y, z) relative to S, and the S-clock in- 
stantaneously at that point will indicate a time ¢; while the same 
point will have a position vector r’ (or coordinates 2’, y’, z’) relative 
to S’, and the S’-clock instantaneously at that point will indicate 
a time t’. , 

According to the principle enunciated above, the velocity of light 
has the same value c when measured with reference to S or 8", 
whether they are at relative rest or in relative motion. Starting 
with this assumption, Einstein * deduced to the following transforma- 
tion of coordinates as consistent with the principle. If the x-axis 
is taken in the direction of the velocity v of S’ relative to S, the 
transformation may be expressed 


x’ = B(x — vt) 
y=y 
z = . . . . (25) 
' va ! 
-a(t 
where 1l 
p = , 


and v is the module of v. This is the same transformation that 
Lorentz had previously deduced from another point of view. The 
relations are clearly reciprocal. For if the cquations are solved for 
x, Y, 2, tin terms of the other variables, we find 

£= B(x’ + vt’) 


p vN e . . . (26) 
EE 


* Ann, der Physik, vol. 17, p. B91 (1905); Jahrbuch der Radio. und Blek., 
vol. 4, p. 411 (1907). Tho reader is also roferrod to Silberstoin’s L'heory of 
Relativity, to which tho author is greatly indebted. 
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as we should expect, seeing that — v is the velocity of S relative 
to 8’. 

131. Interpretation of the transformation. Consider two points 
A’, B’ fixed in the system S’, and let their coordinates in that system . 
be £i, y;’, 21/3 Xa, Yo’, Zg. Relative to the system S at the instant 
t let the coordinates of the same two points be 2, Yn 213 Zo Yes Ze 
Then from (25) it follows that 


J y? t t 
Ty — V = 1— a — xg’) 
Y Y= Yr — Yr 
a4 Zo = Z —_ Zg. 
That isto say, to an observer fixed in S the distance between A’ and 
B’, measured parallel to the relative velocity v, appears less than 


2 
it does to an observer fixed in S’ in the ratio J l- 5 :1; while, 


the distance between the two points measured perpendicular to v 
appears the same to both. Thus what appears to the S’-observer 
to be a sphere, will appear to the S-observer to be a spheroid 
flattened in the direction of v. And the larger the value of the 
speed v the greater is the apparent flattening ; and when v= c the 
figure appears plane to the S-observer. 

A body fixed relative to S’, and having a volume V’ to an S’- 


ra 
. v 
observer, will have a volume Ni l— 3 V’ to an S-observer. For, to 


2 
the latter, the dimensions measured parallel to v are Ni 1 -5 times 


what they are to the former ; while the dimensions in the perpen- 
dicular directions appear the same to both. We may write this 


2 
v sqi- 
c 


V=pv 2.. 27 


If we choose points A, B fixed in the system S, and consider these 
from the point of view of the S’-observer at the instant t’, we find 
from (26) in the same way 


or 


and soon. The distance between the two points, measured parallel 
to v, now appears greater to the S-observer than to the S’-observer, 
as we should expect from the reciprocal nature of the relations 
(25) and (26). 
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Consider now an observer fixed in S’ at the origin O’ of that system. 
Then since time is measured from the instant when O’ coincides 
with the origin in S, his coordinates relative to S are x = vt, y = 0, 
z=0. At a certain instant let ¢,’ be the time indicated by the 
S’-clock near the observer, and ¢, that indicated by the S-clock 
instantaneously at the same place. At another instant let t,’ be 
the time indicated by the same S’-clock, and t, that shown by 
the (different) S-clock, which is then instantaneously at O’. Then 


by (25) y2 
_ Ut wt _! 
so that , 
o a ty = Pi . 
Similarly ta = Ptg 
27 et 
and therefore t — t = Blir — ty’). 


Wo may, for oxample, take the above two instants as those deter- 
mined by two successive strokes of the S’-clock. Then the last 
equation shows that, to an S-observer, the periodic time of this 
clock is greater than to the S’-observer in the ratio B:1 or 


a 
l: Ni l1— F To the former it appears to go slower than to the latter. 


132. Vectorial expression. The transformation (25) may be very 
neatly expressed by means of vectors, independently of coordinate 
axes, and therefore without the formal privilege above accorded 
to the x-axis. Let r=ai+ yj + zk, and r =vi+ y'j + 2’k, be the 
position vectors of a point relative to O and O’ respectively. Then 
the first of equations (25) is equivalent to 


ri= B(ri-— vl). . . . i 
whilc the second and third are then included in 
r—-rii=r—rii. . . . li 


r =p(t— Sri) ioa il 


Multiply i by i and add it to ii. Then since v = vi we may write 


the result 
—1 ; 
r= r+ (F oe Btw . . . ivy 


It will be found convenient to introduce the solf-conjugate dyadic 


while the last is 


B-1 
P — I- om yy.’ . . . (28) 
13 
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in terms of which the complete transformation as contained in iii 
and iv takes the concise form 


r’ = -r — Biv 
Y= g(t- ev) . . . . (29) 


This is the vectorial equivalent of (25). 

The dyadic Ọ in direct multiplication with a vector parallel to v 
leaves its direction unchanged, but increases its length in the ratio 
B:1. On the other hand, direct multiplication by ® leaves a vector 
perpendicular to v unaltered. The dyadic may therefore be de- 
scribed as a longitudinal stretcher for vectors parallel to v, the ratio 
of stretching being 8:1. The reciprocal dyadic has the value 


-1 = _B = _B=-1 . . . (30 
O1=@— Gvv=I Bor VY (30) 
for it is easily shown that this makes ®-0-!=[. Similarly the 
“ square ” of @ has the value 
. 2 
p= 1+ Bay . . . . (31) 
c 
as is easily verified. 
It was seen above that the relations (25) and (26) are reciprocal, 
each being obtainable from the other by interchanging accented 


and unaccented symbols and changing the sign of v. Similarly the 
equations (29) are equivalent to 


r= r + ptv 
r . . . (29° 
t= at + iF) (29) 
c 
We leave it as an exercise for the student to deduce one from the 
other, making use of (31). 

133. Addition of velocities. Consider a particle moving in any 
manner, and let r and r’ be its position vectors relative to O and O’, 
and from the points of view of the S-observer and the S’-observer 
respectively. Then, as viewed by the former, the velocity u of the 
particle will be a ; while from the point of view of the latter it will 


d , 
be w= To We naturally inquire how these are related. In 


ordinary kinematics, since v is the relative velocity of S’ to S, wo 
should have u = u' + v. Butin the theory of relativity this simple 
relation no longer holds. Observing that ®, v, 8, and c are constant, 
we find from (29’) 


dr = Ddr + Bvdt' 
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and 
l 
dt = par + garir), 
Hence the velocity u is given by 
dr Odr’ + Bvdt' 
u= = Dva N ` 
plar + vdr’) 
Dividing numerator and denominator by dt’ and putting wu’ = E, 
we have the required relation 


u = P-u' + Bv a ; . . (32) 


a. + vw) 
This is the vectorial expression of Einstein’s celebrated Addition 
Theorem. We may look upon u as the relativistic sum of the two 
velocities v and u’, the former being that of S’ relative to S, and the 
latter that of the particle relative to S’. The symbol + may be 
used * instead of +- to denote such composition of velocities. Then 
putting v, for v, and v, for u’, we may write the above result 


¥, $v) = D'Y: + Bav 
A + PAD 


the suffix unity denoting that the quantities 8, and ®, are formed in 
terms of tho velocity v,. Such addition is not commutative. For 


DV, + Bove 
1 
pf + Yra) 


where ®, is tho longitudinal stretcher of ratio B, for vectors parallel 
to v,. The studont can verify for himself that the vectors (32’) 
and (32’’), though differing in direction, are equal in length. 

The reciprocal formula to (32) is 


-u — fv 
—T 
B0 — avu) 
These are deduciblo from each other ; or the latter may be derived 
from (2Q) in the same way that the former was derived from (29’). 

134. Formule of transformation. In the next Art. wo shall need 


expressions for div F and curl F (defined in terms of x, y, z, as in 
Art. 7), in terms of the variables wx’, y’, 2’, t. If Fis a vector function 


. (32’) 


v + V, = . (832°) 


w= (33) 


* Following Silborstcin. 
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of position and time, 
OF OF 0x’ | oF dy’ OF dz’ oF av’ 


dx öx 0x Oy’ du Oz’ du OW dx 
_ fo, OF at’ 
= og VE + op ag 


where V'F is the dyadic zF formed with the variables x’, y’, 2’. 


Hence 
div F = si 
, , F ot’ 
= zT VEFi “a >>| iz; 
oF , 
= Zy Vr į +o. Vi’. 


But from (29) we easily deduce 


and 


vi = — BY 


Substitution of these values in the last equation then gives 


—_ td ß-— l , By. oF 
VF = VF + —a VV Fv- oF ` . (34) 
In the same way we find 
VxF = V’xF— poi vV'Fxv — f a . . (35) 


Lastly, the derivation of F with respect to t has the value 


OR _ OF Ox! | OF dy’ , OF Oe’ | OF at 
dt Oa’ Ot * By’ dt z! at” Ot at 


or’ o, oF 
= a E+ Pap 
which is equivalent to 
oF oF , 
a= 8 a VE). ıı (36) 


135. Transformation of the electromagnetic equations. Thc 
desideratum that the mathematical expression of electromagnetic 
phenomena should be of the same form, whether these phenomena 
are referred to the system S or the system S’, is satisfied by the 
Lorentz transformation (29) if the values E’, H’, p’ of the clectric and 
magnetic intensities, and the density of charge referred to S’, are 
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2cted with their values E, H, p referred to S by the relations 
E' = p(-4E + “y.) 


H' = 6(-.H - vB) (37) 


p= Bo(1 - wP) 
1e last of these, u is the velocity of the charge rélative to S? 


: its velocity u’ relative to S’ is given by (33). That is to say, 
quations (10)—(13) of Art. 126 transform into the equations 


a = cV'xH’ — 47p’u' 
` oH’ , , 
VE = 4irp' € i 
vE =0 
eV= in at ix ie + rË , is the operator relative to the space §’, ; 
nsider fast the uation (12), viz. . 
V-E = 47. : 
: use the valuo of V-E given by (34), and then the value of 2E i 


at’ 
1 from (36), the relation becomes 


VE + f- 1.V'E. V- H -+ wV E v) = 4rp. 


vn = v-(cVxH — 47rpu) 

= cVV’ xH — 47pveu } . by (35) 
= — cV’.(v\H) — 47pv-u, 

v is constant. Substituting this value in the above equation 


we, on collecting like terms, 


, B = 
V.E- Bee 

it is easily shown by the formule of Art. 8 that 
v-V'E-v = V'-(v-E v) . . . i 


e the equation, on multiplication by f, may be written 


v-g|(1 ~ on v}E + vH] = drp 


l oy, lo, vu 
v-V'Ev + -V'-(vxH) = 4np(1 - z) 


198 VECTOR ANALYSIS _ [oH. x. 


which, by (80), is equivalent to 


Vi’ = 4p’. . . . (39) 
as required. The relation V’-H’ = 0 is deducible from V-H = 0 in 
exactly the same way. 

The details of the transformation for the other two equations are 
rather lengthy, and we shall not burden the reader with them. It 
is in work like this that the analysis of four-vectors effects a great 
simplification ; and the only proof worth giving in the present 
instance is by their means. , 

136. Relations reciprocal. Total charge invariable. The relations 
(37) are reciprocal. For from them we may easily deduce the forms 


E= p(B’ — vet) 


H= p(o tive) (40) 
p= pe'(1 + w) 


obtainable from (37) by interchanging the accented and unaccented 
symbols and changing the sign of vw. “ From this standpoint the 
distinction between electric and magnetic forces becomes indefinite. 
By a suitable change of moving axes either may be made to vanish, 
involving a corresponding change in the other. For instance, with 
a uniformly moving point charge there are important magnetic 
forces if the motion is relative to the observer, but if the observer 
moves with the charge, the forces are all electric.” * 

It is important to observe that, though the density of the charge 
depends upon the system of reference, the total charge is the same 
in all cases. Take the system S’ as that relative to which the 
element of charge is at rest, and let v be the velocity of this system 
relative to S. Then since for the element of charge u’ = 0, we have' 
p= Bp’ for the relation between the densities of charge relative 
to the two systems. IfdV and dV’ are the volumes occupied by the 
element from the points of view of an S-observer and an S’-observer 
respectively, it follows from (27) that dV’ = BdV. Hence 


paV = p'dV’, 
showing that the element of charge is the same for both systems. 
But S’ is the system moving with the charge, and S is any other 


system ; so that the total charge is independent of the system of 
reference. If the charge has velocities v, and v, relative to the 


* Richardson, The Electron Theory of Matter, p. 308. 
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systems Sı and S, respectively, and f,, B, are the corresponding 
values of $, it follows from the above that 


each being equal to p’. This relation is important in the theory of 
Relativity. 


EXERCISES ON CHAPTER X. 


1. If (9, t— z) is a function of the point Q and of the distance 
r from Q to P, show that 
r 
A(@ t= 5) 


Y= 
r 
satisfies the equation 
å 8y 
2 V — = = 
V2,V 3 Oe 0. 


By the formula for the gradient of a product of scalar factors 
l 1 
VV = Vep + pV r> 
Or, if dashes denote differentiations with respect to the variable 


a ——> » 
t— Z, and r is the unit vector parallel to r = QP, this result may be 
written 


Then on taking the divergence of both sides, and using formulæ 
(9) and (15) of Chapter I., we have 


Vy = — rV( £+ £) — a(s + £) 


r3 
a n 27’ t 3 td 
= ri ba t P+ SE EAI +£) 


cer? er? er? rt cer? r? 
p” 1 &æV 
cr c® Ot’ 


as was to be proved. 
2, With the same notation show that the function 


$P, t) = | L (Q, t- "do, 


whero the integration is extended throughout a definite region 
bounded by S, satisfies the equation 


1 a 
V2 -~ + = —4p(P,t 
$ è 0 (P, 2) 
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or zero according as P is within or without the region of 
integration. 

If dv is the volume of an element of space at the point Q, then by 
the last exercise the function 


1 r 
V= -0(@, t- -dv 


satisfies the equation O?V = 0. And therefore, if P is outside tho 
region of integration, it follows by summation that 4(P, t) satisfies 
the same equation. 

If, however, P is within the region of integration, we may divide 
this region into two portions, one enclosed by an infinitesimal sphere 
whose centre is at P, and the other external to this sphere. Let 
¢, and ¢, be the two parts of the function ¢ due respectively to 
integration over these regions. Then ¢= ¢,+ ¢,. Now, because 
P is within the sphere, 

Od, = 0 , >. i 
As for the function ¢, due to integration throughout the sphere, 
- is infinitesimal for all positions of Q, and the “ retarded ” density 


p may be taken as uniform and equal to p(Q, t) in this region. Then 
$ı is the Newtonian potential due to this space distribution, and 
therefore satisfies Poisson’s cquation 


Ve: z= v 4np(P, t). 
Further, the second derivative of the integrand o(Q, t=” with 


respect to ¢ is finite, and therefore its volume integral throughout 


> 


the infinitesimal sphere vanishes. Hence Dio = 0, which, combined 
with the last equation, gives 
Od, = — 4rplP, t) . . . . ï 
Then in virtue of i and ii we have finally 
O*¢ = Od, + p) = — 4rplP, t). 

3. Deduce the form (29) from the form (29) of the Lorentz 
transformation. 

4. Prove that, with the same notation, 

i T? — eU = r? — ere, 

5. Prove that 


6. Show that 


(vi E V2)? = (Vy + v,)? = rs re 
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7. If v, is parallel to v,, show that these are also parallel to 
(v, + v2), and find the value of the last vector. 


8. Prove that the relativistic sum of two velocities, each smaller 
than the velocity of light in vacud, is itself smaller than the velocity 
of light. But if either mod v, or mod v, is equal to c, then mod 
(vi P V2) =c. ` 


9. Deduce formula (32’) from (32). 


10. From the relation p’ = Bo — 
p= fe(1+ TT): 

11. Prove that Vr’ = ©. 

12. Show that 


z5) deduce its reciprocal 


vV xF = vV’'xE. 
13. Prove that 
V'-(v-E v) = veV’E-v. 


14. Prove the formuls 


vr=o.v pf ay 
and 


7 pup Y oF 
VR = ovr oo 


where F may be either a scalar or a vector function. 
15. Show that 


v-VExv= — v-V’(vxE) 
= V’x[vx(vxE)] - vV’:(vxE) 
= V’x(vv-E — v?E) ~ vV’-(vxE). 
16. Prove that, with the notation of Art. 134, 


ye Vi = V’-(0-F) 


and 
Biv (FWP) = VB). 
17. Show that 
Va- py. 08 Po Nv Hw 


ot’ a 


am a ea 


cl’ v? 


da 


ly. -(v v-H). 


18. From the relations (37) deduce the equivalent relations (40). 
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19. Write down the reciprocal formule to (34), (35), and (36) in 
the text. 


20. Prove the relations 


by the method of Art. 135. 


NOTATION AND FORMULA 
OF THE FOUR CHAPTERS, I., IL, V., VIL, WHICH DEAL 
WITH THE THEORY OF VECTOR ANALYSIS. 


The formule are numbered as in the text. 


The Differential Operators. 
The position vector of a point is 
r=rr= zi + yj + zk. 

Scalar point-functions arg denoted by letters in italics, e.g. 

F, QG, H, U, V, W, u,v, w... 
Vector point-functions by Clarendon symbols : 

F, G, H, U, V, W, u,v, w... 
The gradient of a scalar function V is 


ƏV 
grad V=VV= an 
oV. əV, av. ` 


where n is a unit normal to the level-surface of V, and a is/ the 


derivative of V in this direction. The derivative of V in the direction 
of ais 
A OV OV OV 
a-VV = tiry -+ KE -+ say . . e (6) 
The divergence and curl of a vector point-function F = F,i+ F,j+ 
Fk are 
OF oF, OF, OF; 


div F= VE = 35-4545 (1), (18) 


and 
A) 
curl F = rot F= Vik = Zib, aay 
_ (ak ay (2h ar (Oa Edk, q4 
= (S2- slit a ae) t C& gE O9 
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and the derivative of F in the direction of a is 


oF oF oF 


a VF = araz + K + Asn, 


The following formule of expansion are very useful : 


V-(uv) = Vuy + uVev 
Vx(uv) = Vuxv + uVxv. 
V-(uxv) = vV xu — wVxV . 
Vx(uxy) = v-Vu — u Vv + uV-v— vV-u 


V(wv) = veVu+ wV¥v t+ veVxu+ wVxv . 


The second order differential functions are 


V-VxF = div curl F = 0 
VxVV = curl grad V=0 
V-VV = div grad V = V2V 
VxVxF = VVF- VF 
and 
VV-F = grad div F. 
For the function 7” 
Vrm = mrp = mrm- 
Vern = V Vr” = m(m + lyr? 
More generally, if u is any scalar function of r, 
Vu = ut 


Vu = u” + a 


(10) 


(15) 
(16) 
(17) 
(18) 
(19) 


(20) 


(21) 
(22) 


(8) 
(23) 


(9) 
(24) 


dashes denoting differentiations with respect to r. In terms of 
orthogonal curvilinear coordinates «, v, w with arcual parameters 
hy, he, hg, and unit vectors a, b, ¢ parallel to the coordinate axes at 
any point, the expressions for gradient, divergence, and curl are: 


aay, bay, ear 
h, ðu hy @v h, Ow 


grad V = 


Lan, my, np 2 
div P= | F(halsF) + Solna) + hF) | 


hyhgh3LOu 
a 


1F= dD 
curl F in | 


me) 
-CV 


(hFa) — EP) | 


while the Laplacian is 


ay _ 1 [2 fhohs er $ (Lal =) 
VV = ocho tin) ao Bw) to 
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Line, Surface, and Space Integrals. 


The tangential line integral of a vector function F along a curve 
from A to B is B B 
| F-tds = f F-dr 
A A 


where t is the unit tangent to the curve, and dr = tds the vector 
element of the curve. In particular 


B 
| VVedt=V,-V, © © =. QY 
A 
and if V is single-valued the integral round a closed curve vanishes ; 
that is, 
[vrao aa DY 
0 
The normal surface integral of a vector function F is 
[aras = [Fas 


where n is the unit normal and dS = ndS the vector area of the 
element of the surface. If the surface is closed, and n is the unit 
outward normal, the following relations hold between integrals over 
S and integrals throughout the enclosed space : 


[Vra = favas a’ 8 
| Y-F = faras a 
[¥-Rav = [aras a 8) 


The second of these is Gauss’s Divergence Theorem. 
If C is a closed curve and S an open surface bounded by it, 
Stokes’s Theorem states that 


[Varas = | Pode rn) 


where the sense of n is positive relative to the description of the 
surve O. The theorem 

[axV Vas = [rae - + + (0) 
is. easily deducible from (9). 


Green’s Theorem for the region bounded by a closed surface S 
may be expressed 


[vo-vvas = [on-vvas - [Uv+Vae o. 08 
=| ya-VUds — | VVU . 4’) 
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If P is a point within the surface S, Green’s Formula states that 
nV p= G oY yê Das — í iyayæw . (17) 


T ôn ôn r 
while, if P is outside the region, the right-hand side is equal to 
zero (16). 


Gauss’s Integral — [evas has the value 4r or zero according 
as P is inside or outside the closed surface S'(18) and (18°). 


Potential Theory. 


The potential V due to a number of discrete particles is 


m , 
V = a . . . . (l ) 
and the intensity of force at any point is 
F= VV =VE— Coe 8 
At points not occupied by the attracting matter, 
Vey =0 . . . . (3) 
For a continuous space distribution of volume density p the potential 
is 
V= f pi a’ A 
and the intensity 
F=Vy. . . -=  () 
as before. At all points the potential satisfies Poisson’s equation 
VeV = —4rp a‘ T 
The theorem of total normal inteisity ovet a closed surface 8 is 
faras = —4n | pv =. eSB) 
The potential due to a surface distribution of area density o is 
V= | S a 8 
This is continuous at the surface ; but its normal derivative has the 
discontinuity , 
oV aV 
m),~ (in), ~ 47 a (4) 


Helmholtz’s formula expressing a vector F as the sum of lamellar 
and solenoidal components is 


F=Véd+VxH . . . . (10) 
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where 
div F 
$= - 7 [Aw > aL) 


1 (curl F 
n= | dw... a9 


the integration being extended throughout all space. 


and. 


Dyadics 
(Chapter V.). 
Any linear vector function of r is expressible in the form 

r or rÊ, 
where Ọ is a dyadic used as a prefactor to r, and ®, its conjugate 
used as a postfactor. The terms of a dyadic are dyads, each being 
the ‘‘ indeterminate ” product of two vectors called the antecedent 
and the consequent. The distributive law applies to dyads and dyadics 
in “ direct’ multiplication. The nonion form of a dyadic is 

D = Ql i + ailj + Qi K 
+ Aaji + aaj J+ dogj 3 

consisting of nine terms. But any dyadic is expressible as the sum 


of three dyads, of which either the antecedents or the consequents 


are three arbitrarily chosen non-coplanar vectors. 
If 


(8) 


(0) = a,b, + ab, + 
its scalar is 


D, = a,b, + agba +... . © 7) 
= ii jD-j + kOe. . . . (7") 
and its vector is 
D »=8 xb + a X Do +. . . ‘ (8) 
= Dx + jx + KD xk) . . . (8) 
The associative law holds for direct products of dyadics. Thus 
(DF) =0(FQ). . . . (10) 


and so on for several factors. 
The idemfactor or identical dyadic 
I=ii+jj+kk . . . . (15) 
in direct multiplication with a vector or a dyadic, leaves the vector 
or dyadic unchanged. Thus 
Ilr=r 
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and 


IL.) =. 
Reciprocal dyadics are such that their direct product is equal to the 
idemfactor. We use the notation 


0-0-1 = I. 


The reciprocal of the product of two dyadies is equal to the product 
of their reciprocals taken in the opposite order. Thus: 


(OP) = P-1.0-1, 


Any dyadic is expressible as the sum of a self-conjugate and an anti- 
self-conjugate part : 


m= 40+ 90,)+4@-0,) . . . (20) 
and 

Or = 40+ 0,)r—4O,xr. . . (21) 

rD = (0 +O) -pD . o a (21’) 


The necessary and sufficient condition that a dyadic be self- 
conjugate is that its vector be equal to zero. 
The dyadic Ixa = ax I is anti-self-conjugate, and 


rxa = r-(Ixa) = r-(axI) . . +. (22’) 
axr = (Ixa)r = (axI)r . . . (22) 
Theorem. Any self-conjugate dyadic may be expressed in the 
form 
aiit ajjt+ akk. 


Dyadics involving V 
(Chapter VIT.). 


The operator V applied to a vector yields a dyadic. Thus 


oV „oV ev 
oz 


W=i5 tig +k (1) 


and | 
oV. oV. ov. , 
VV = sit ait ak . . © X) 


are conjugate dyadics ; and each is invariant with respect to the 
choice of rectangular axes. Just as in the case of a scalar function, 
we have 


dr-VV = dV . . . . (38) 

The scalars and vectors of the above dyadics arc 
(VV), = V-V = (VV), . . . . (4) 
(VV), = VxV = — (VV), ° . . (5) 


he dyadic VVV is self-conjugate because its vector is zero. 
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The operator V applied to a dyadic in direct or cross multiplication 
yields 
aD oD 


VO = ib? iA yt BG . . (7) 
and 
. OD . a ao 
Vb = ix at xg + kee . , . (8) 


while ®-V and ®xV are similarly defined by (7’) and (8’). 
The relations 


VxVW=0 . . 2... 9) 
VVxO=0 . . . . . (10) 
V-VV = VV. . . . . (11) 
VxVxD=VV-O-V2O . . . (12) 
are analogous to results in Chapter I. ; while 
V-(VV) = VV-V . . . (1) 
The following formulæ of expansion arc useful : 
V(uv) = Vuv + Vvu . . . (13) 
V(uxv)= Vuxv— Vvxu . . . (14) 
V(uv) = Vuv+ uVv . . . . (15) 
V-(u®D) = VueD + uV-O . . . (16) © 
Vx(u@) = VaxD-+-uVxOd . . . (17) 
In particular, if ® = I, the last two become | 
V(ul) = Vu . . , . (16°) 
Vx(ul)=VuxI . . . . (17) 
Occasionally we need the formule 
V-(Ixv) =: Vxv. . . . . (18) 
Vx(Lav) = vy — IV-v. . . . (19) 
VxulxsV = VVu — Vĉul . . . (20) 


Transformation of Integrals. 


As in the case of Chapter IL, the following relations hold betwecn 
line integrals round a closed curve and surface integrals over an 
open surface bounded by the curvo: 


fa VVdS : | Vo. (88) 
[n-Vabas | ded. =. (28) 
0 


14 
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Also the formula 
| dexV =|[a-(V¥) — nV-Vyds 
0 


will be found useful. 
In the case of a closed surface S we have the results 


| VVdv = | nvds 
| V-Odv = [noas , 


[Vxode =[nxoas 


analogous to the theorems of Chapter II 


(24) 


(25) 
(28) 


(29) 
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[Reprinted by permission from the M athematical Gazelte, 
January 1917.) 


A PLEA FOR A MORE GENERAL USE OF VECTOR 
ANALYSIS IN APPLIED MATHEMATICS. 


Tmar the advantage of using vector analysis in mathematical 
physics has met with so little recognition by British applied 
mathematicians must appear rather strange to those of other 
countries. There are probably not more than half a dozen among 
us who habitually use vector methods and notation, at any rate in 
published work. The fact is still more surprising when we recall 
the work of Maxwell * and Heaviside, seeing that the former gave 
a sort of authority to the curl and divergence, while the latter had 
so much to do with the systematic development of the vectorial 
calculus. 

Perhaps the chief reason | why vector analysis has not come into 
more general favour with us is that our leaders in applied mathe- 
matics have not felt the need of it. It has often been remarked, 
and perhaps with some degree of truth, that nothing can be accom- 
plished by vector methods that cannot also be done by Cartesian 
analysis ; and therefore, it is argued, the change is unnecessary 
and useless. If we had to deal only with minds of special mathe- 
matical ability and analytical insight, this conclusion might be 
accepted. But with the average student so much of his attention 
is occupied in dealing with the complex array of symbols of partial 
differentiation to which he is often led in- Cartesian analysis, that 
he is unable to grasp the inner meaning of the work. It is difficult 
for him in many cases even to see exactly what is expressed in the 
formule obtained, involving as they do the three components of a 
vector quantity in combinations not easy to visualise. And even 
if the student succeeds in following the argument, it is often almost 
impossible for him to remember either the train of reasoning or the 
result arrived at. He does not perhaps see why his equations should 
be differentiated partially with respect to x, y, z and added, or with 
respect to z, y and subtracted. 


* Thoro is no doubt that Maxwoll would havo gono much furthor in the. 
vectorial method if ho had had ready to hand a system of analysis such as 
to-duy is at our disposal. Unfortunately, at that period there was only tho 
thoory of quaternions, which he wisely did not employ exoept in passing 
reference. 

Tt Sco, however, the Note at the end of this paper. 

211 > 


212 VECTOR ANALYSIS 


Working, however, with the aid of vector analysis, we no longer 
have three unsymmetrical equations to carry in our thoughts, but a 
single equation involving only the vector quantity as a whole; and 
we thus form the hahit of regarding this as one complete quantity 
rather than as a group of three. The analytical transformations 
are reduced to a minimum, and the student is able to devote a much 
greater part of his attention to the meaning of his equations. The 
reason, too, for a particular step in the analysis is often quite 
apparent. Suppose, for instance, that we desire to eliminate from 
our equation a certain vector of which only the gradient is present. 
The obvious course is to take the curl of both members. Or, if it 
is the curl of the undesirable vector that is present, we immediately 
take the divergence of both sides. The Cartesian equivalent of the 
former of these eliminations is much more involved. 

It is on the strength of personal experience that I advocate the 
adoption of vector analysis. As a student first at Sydney and then 
at Cambridge, I had some leaning toward the applied subjects ; 
but it was not until the last few years that I gained any knowledge 
of vector methods.* The newer analysis completely altered my 
mathematical outlook, and made mathematical physics to me a 
new subject. An almost dying interest gave place to a keen 
enthusiasm, and most of the old difficulties vanished in the new 
light thrown upon the work. It is to save the average students 
of the coming gencration any unnecessary difficulties, and to help 
them to form clearer conceptions of physical quantities and mathe- 
matical processes, that I am advocating the change which has been 
delayed too long. It is not a matter of vital importance which 
particular notation we use—whethcr the dot and cross or the bracket 
notation, although the formcr has many advantages. Nor does it 
make much difference whether we teach in terms of dyadics or of 
tensors. 

But it is not only the student of average mathematical intelli- 
gence who would gain by the change. The vector methods are in 
themselves so much quicker; and in these days we cannot afford 
to waste time either in writing or in unnecessary mechanical thought. 
Associated with this is the great gain in condensation. Itis laborious 
and often irksome to wade through three pages of Cartesian analysis 
when one page of vectorial would suffice. And the expenditure of 
mental effort is balanced by no corresponding gain ; but rather the 
shorter analysis affords a clearcr mental picture of the meaning of 
the cquations and the significance of the transformations. The 
argument of condensation is certainly worth scrious consideration. 
In this connection it may be remarked how few English mathematical 
books are written vectorially. One thinks of a couple of recent 
works in Relativity, one or two in Mechanics, and Heaviside’s 
Electromagnetic treatise, which can hardly be called recent, but 
the number is soon exhausted. And yet there is no dearth of ex- 


* In undertaking the study of vector analysis, I followed the examplo of 
my learned colleague at Melbourne University—tlrof. J. H. Michel, F.R.S.— 
who adopted it several years previously. 
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cellent treatises on a great variety of subjects. No doubt the chief 
reason why a larger number of authors have not adopted the vector 
methods and notation is the lack of familiarity with these methods 
among their readers. This recalls the practice of “dodging the 
calculus ” so common in elementary text-books, and of course 
unavoidable when the necessary knowledge is not possessed by the 
student. Yet everyone admits the great advantages to be derived 
from the use of the infinitesimal calculus, and the early mastery of 
the elements of it. The case for the vector calculus is exactly 
parallel; and the student who acquires familiarity with it delights 
in the facility with which he can make the various transformations, 
and in the clearer understanding of the main ideas beneath them. 
To him the more laborious Cartesian analysis appears exactly like 
dodging the calculus. i 

It will hardly be seriously objected that.to become familiar with 
the new analysis involves a certain expenditure of time and the 
effort of learning more formulæ. Precisely the same objection mav 
be raised to learning the’ infinitesimal calculus itself. And, just 
as in this case, the amount of time and labour saved in the long 
run is vastly greater than that spent in acquiring the necessary 
knowledge. Even in the proofs of many of the theorems of the 
integral calculus vector methods lead to a considerable shortening 
of detail, and the final results are expressible in forms that are 
neater and easier to remember than the old ones. Take, for in- 
stance, some of the theorems expressing the transformation of 
integrals connected with lines, surfaces, and volumes. 

In vector notation we have 


| pds ~|[nxerad pas, 
0 

R-ds = ffn curl RdS, 
0 


| | ndd = Í [ferea $ do, 
faras = ffa R dv, 
[[nxRas = [foun R dv. 


These forms aro vory simple, while in comparison thcir Cartesian 
equivalents are clumsy. 

There is another great gain which would almost certainly follow 
upon the change under consideration. Looking down the tables 
of contents in our mathematical journals ono is struck with the 
preponderance of papers in pure over those in applied subjects, and 
notices how few of the latter are really three-dimensional. We 
have seen a far greater number of our brilliant students take up 
the pure in preference to the applied; while many who have a 
leaning toward the latter choose laboratory work in physics, and 
in some cases forget the mathematical claims of the subject in their 
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devotion to the experimental. The writer is confident that an 
early training in vector thought and vector analysis would go far 
toward inducing a much larger proportion of our students to culti- 
vate the study of physical mathematics, and then to undertake 
research in this domain. The practice of visualising inculcated by 
such a training leads to the same kind of conceptions as those which 
Faraday formed of the condition of the electric field.* 

The place of Vector Analysis in a University course would depend 
to a certain extent upon the earlier mathematical curriculum. 
Speaking generally, however, the purely algebraic part of the 
subject, including the different kinds of products of two or more 
vectors, and perhaps the elementary part of the theory of linear 
vector functions,} might be given in the first year. A considerable 
application of this may be made to the theory of elementary 
mechanics, without any introduction of the infinitesimal calculus. 
The differential and integral calculus of vectors might be postponed 
till the second year, where it would still be in plenty of time for 
use in those applied subjects for which it is so admirably fitted. 
The teaching of analytical solid geometry, which is often begun at 
this stage, would be rendered much easier by the vector knowledge 
thus gained; and many of the proofs in this subject are greatly 
simplified by vector methods. 

In conclusion, let it be distinctly stated that nothing is further from 
my thoughts than the abolition of Cartesian analysis. Such a thing is 
impossible. But this analysis is an incomplete instrument in itself, 
and that whose adoption I have been pleading goes a long way 
toward completing it. In some respects the older analysis suggests 
the reading of a book by spelling every word on each page. In 
vector analysis we deal with words rather than letters, and in so 
doing can give more of our attention to the thoughts. But we never 
forget that in written language the primary elements are the letters ; 
and the vector analyst often finds it instructive to spell his words, 
resolving his vectors into components and expanding his single 
equations into Cartesian trios. Thus the new analysis has not come 
to destroy the old, but to fulfil it. 

Notre.—Since writing this paper I have read those portions of 
Heaviside’s Electromagnetic Theory dealing with vectorial algebra 
and analysis, and giving incidentally f some idea of the controversy 
toward the close of the last century for and against the use of 
quaternions in mathematical physics. I am very glad that before 
beginning the study of vector analysis I had no knowledge of quater- 
nions beyond the name and a few vague ideas abont the controversy 
referred to. I was thus able to approach the subject quite unbiassed 
and from the artesian point of view. This, I believe, makes all the 
difference to one’s reception of the vectorial method ; for, as stated 
at the close of my paper, the Cartesian and vectorial analyses are 
inseparably connected. Since writing those lines, I was pleased to 


* Cf Coffin, Vector Analysis, Preface, p. vi. 

t This is purely algebraic. 

t In a manner often blunt and amusing, but always interesting. 
`y 
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find the same thought expressed by Heaviside. “The quater- 
nionists,” he says, ‘‘ want to throw away the ‘ Cartesian trammels,’ 
as they call them. This may do for quaternions, but with vectors 
would be a grave mistake. My system, so far from being inimical 
to the Cartesian system of mathematics, is its very essence.” * 

The unfortunate idea that vector analysis is a sort of modified 
system of quaternions is perhaps largely responsible for its tardy 
adoption in Great Britain. The consideration of my own experience 
may therefore be of some value, chiefly because there were no 
initial conceptions and associations to bias me. The first book I 
studied on the subject was the French edition of Le Calcul Vectoriel, 
by Burali-Forti and Marcolongo. I found their system interesting 
and helpful, though not always natural. While waiting for other 
books by mail I read Silberstein’s Vectorial Mechanics, in which 
Heaviside’s notation and analysis are employed. Speaking only of 
the chapter on vector algebra and analysis, I thought it simple and 
direct, but found the symbol V used to denote a vector product very 
confusing. I have since, of course, learnt that this is only a survival 
of the quaternionic notation, and yet adopted, strange to say, by 
such a pronounced anti-quaternionist as Heaviside. Then I had 
the pleasure of reading Gibbs’s Vector Analysis, by E. B. Wilson, 
explaining a system substantially the same as that of Heaviside, 
from which it differs chiefly in notation. It appeared to me at 
once most natural in both method and notation, and afforded me 
the inspiration already referred to. The bracket notation for 
products of vectors has since come under my notice in many works, 
but while reading this with equal facility I prefer that of Gibbs. 
Not only does this leave the brackets free for ordinary algebraic 
purposes, but the dot and cross are now hardly needed in algebra - 
to indicate a product. 


C. E. WEATHERBURN., 
23rd September 1916. 


* Loc, cit., vol. i. p. 305. 
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{Reprinted by permission from the Mathematical Gazette, 
December 1920.] 


VECTOR ANALYSIS IN A UNIVERSITY COURSE. 


Srinckz due recognition is now being more and more widely given 
to the importance of Vector Analysis for three-dimensional work.in 
mechanics, geometry, and mathematical physics, the time is oppor- 
tune to consider the place which that subject merits in a University 
degree course. A student who undertakes anything like research 
work in applied subjects is considerably handicapped if he has had 
no training in Vector Analysis; but the need for it is felt much 
‘earlier than the stage at which research is generally begun. Every 
‘University course contains subjects which are less useful than 
Vector Analysis; and on the ground of utility alone thore is no 
question that the latter deserves a place in the curriculum. It will, 
however, be found quite unnecessary to displace anything else, 
because the time occupied in teaching the essential parts of vector 
algebra and calculus will be saved, even during a three years’ 
‘course, by the application of this method to the three-dimensional 
parts of mechanics and mathematical physics. 

It is, perhaps, not generally recognised that the subject of Vector 
Analysis belongs essentially to the domain of pure mathematics. 
The fundamental length-vector is a geometrical quantity whose 
magnitude is a length; and vector algebra involves nothing but 
elementary geometry, algebra, and trigonometry. Certainly its 
most important applications are in mechanics and physics, but the 
same is true of certain other branches of pure mathematics. The 
differential and integral calculus of vectors involves only geometry 
and the algebraic calculus. In the analysis itself. there is no need 
to make mention of a single physical quantity. The theory of the 
linear vector function, whether it employs dyadics, tensors, or 
matrices, is purely algebraic, and in no way dependent upon mixed 
mathematics, though it has extremely important applications in 
elasticity and the electromagnetic theory. 

The time for teaching the different parts of the subject will depend 
to some extent upon local conditions. Generally, however, it will 
be found advisable to give a short course in vector algebra to 
“ honour” students in their first year, and to “ pass ” students 
either at the end of the first or at the beginning of the second year. 
As remarked above, this part of the subject is quite elementary, 
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and may be disposed of in six or seven lectures. These would treat 
of sums of vectors, the various products of two or three vectors, and 
some geometrical applications. A little later, when the student 
possesses a fair knowledge of the algebraic calculus, differentiation 
of vectors with respect to a single variable may be treated. In 
elementary applications the single variable will usually be the time 
variable ¢ or the arc-length s. 

Even this elementary knowledge of Vector Analysis will be found 
exceedingly useful in mechanics, and to some extent also in solid 
geometry. By means of it practically all the important principles 
of mechanics are just as easily proved for three dimensions as for 
two, and a great simplification is introduced into the work. The 
vector moment or torque about the origin, of a force * F localised 
in a line through the point whose position vector is r, is given by 
the vector product rxF; and the (scalar) moment about any axis 
through the origin is the resolved part of the vector moment in that 
direction. Similarly the moment of any other localised vector 
may be defined. The moment of the velocity of a particle is repre- 
sented by rxv, which is twice the areal velocity about the same 
point. The angular momentum or moment of momentum of the 
particle is rx(mv); and the A.M. about any axis through the origin 
is the resolved part of this vector in the direction of the axis. The 
work of a furce F, during a displacement d of the particle acted upon, 
is given by the scalar product F-d; and it is merely a corollary that 
the work of the resultant of several forces is the sum of the works 
of the components. The activity of a force F at any instant is F-v, 
where v is the velocity of the particle acted upon. 

The relative position of one point P with respect to another, 0, 


_-— 
is determined by the vectorr=OP. The velocity of P relative to 
O is the rate of change of its relative position, and is therefore 


given by the vector v = ar The relative acceleration is similarly the 


dt l 
rate of increaso of the relative velocity, so that 
_dv gr 
dt dë 


The theorems of the vector addition of velocities or accelerations 
are an immediate consequence. In the case of a system of particles 
the importance of the centre of mass, and the theorems connecting 
the velocity and acceleration of this point with the momenta of the 
separate particles and the vector sum of the forces acting on the 
system, follow directly from the formula 


which defines the centro of mass. Tho formule associated with 
rotating axes can be proved vectorially almost in one line ; and the 
* In printing, vectors aro usually denoted by Clarendon symbols. For 


manuscript and blackboard work, Greek letters and seript capitals will be 
found convenient. 
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single vector formula is much easier to remember than the triad 
of scalar ones. In three-dimensional Statics the equations of equili- 
brium for a rigid body are reduced to two ; and all the spatial work, 
such as Poinsot’s reduction of a system of forces on a rigid body, is 
wonderfully abbreviated and simplified. 

In solid geometry the essential things are vector quantities. Each 
point is specified by its position vector relative to an assigned origin, 
and each element of a surface by its position vector and vector area. 
The equation of a plane takes the simple form r-n = p, where nis 
a unit vector perpendicular to the plane, and r the position vector 
of a current point on the plane. The whole geometry of the plane 
may be deduced very concisely from this equation. The vector 
equation of the straight line through the point a parallel to the 
vector bisr=a-+ tb; and the geometry of non-intersecting lines 
involves nothing beyond the scalar triple product of vectors, 
corresponding to the determinant of 3x3 elements in coordinate 
geometry. The coordinate equivalent of any vectorial result is a 
mere corollary, whether the axes are rectangular or oblique. Thus 
‘the heavy, artificial, and lengthy argument in the case of oblique 
axes becomes unnecessary ; for it is as easy to expand our formule 
in terms of any three non-coplanar vectors a, b, ¢ as in terms of the 
mutually perpendicular vectors i, j, k. The standard equation of a 
sphere may be written r? — 2r-¢ + k= 0, from which the geometry 
of the sphere may be neatly and concisely deduced. Finally, the 
curvature and torsion of curves are very easily investigated in 
terms of the derivatives of the position vector of a current point 
on the curve, with respect to the arc-length s. The method is 
perfectly elementary, and the results appear in a form which is easy 
to remember. 

The advanced part of Vector Analysis naturally begins with the 
differential operations which yield the gradient of a scalar point- 
function, and the divergence and curl of a vector point-function. 
We are confronted with these as soon as we enter upon higher 
applied mathematics ; and the student who has to do so with- 
out the vectorial equipment finds himself seriously handicapped. 
There is here, after all, only a very little to learn. All that is really 
important about the differential operations would make only one 
chapter of reasonable size; while another of the same size could 
contain the theorems on line, surface, and volume integrals which 
are continually employed in advanced mathematics. These are 
Gauss’s divergence theorem, Stokes’s theorem, and a few others 
which are immediately deducible from them. Such matters belong 
to the domain of pure mathematics ; and their teaching should not 
be consigned to lectures or books in mixed mathematics. The 
student is thereby apt to gain the impression that the theorem is 
part of the applied subject under discussion, ‘Lectures on advanced 
calculus are their appropriate setting; and six or seven lectures 
could supply all the necessary information. An “ honour ” student 
will probably need these at the end of his second year, in readiness 
for the higher applied work he is likely to have in his third. “ Pass ” 
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students may not reach ‘a standard, during their degree course, at 
which this work will be necessary. But that will depend upon the 
nature of the course. 

Linear vector functions are hardly met till this stage ; but their 
treatment is quite elementary and almost entirely algebraic. The 
theory may be developed in terms either of dyadics or of tensors, 
which belong to the province of multiple algebra. The resolved 
form of a dyadic is really equivalent to a matrix, and the theory of 
dyadics is parallel with that of matrices. But the dyadic has certain 
advantages, among others that it need not be expressed in resolved 
form, but in a shorter form as the sum of three dyads. Linear vector 
functions are of constant occurrence in elasticity and the electro- 
magnetic theory ; and the student will experience far fewer diffi- 
culties in these subjects if he has had an earlier and separate intro- 
duction to the linear function. Without such a preparation he must 
find the theory of elasticity very heavy. The variable dyadic is a 
great help in the treatment of heterogeneous strain. The geometry 
of central quadric surfaces is also rendered more compact by the 
use of dyadics. So also is the treatment of moments and products 
of inertia, and the motion of a rigid body about a fixed point. 

It is a mistake for the student to leave the consideration of vector 
methods till he has finished his course. Not only does he lose much 
before this stage, but he will be all the longer in acquiring that 
familiarity with these ‘methods which is necessary for their effec- 
tive employment, and which comes only with time and practice. 
Macaulay has remarked that “ no noble work of imagination was 
ever composed by any man, except in a dialect which he had learned 
without remembering how or when.” The two cases are hardly 
parallel; but we may safely say that the earlier a student begins 
to learn the vectorial mode of thought and expression, the greater 
will be his facility in three-dimensional calculations, and the better 
will be the quality of his later work in this direction. 


C E. WEATHERBURN. 
August 1920. 


INDEX. 


The numbers refer to the articles. 


Abraham, 128. 
Acocleration, 34. 

Activity of forces, 78. 
Acyclic region, 44. 
Addition of velocities, 133.. 
Angular momentum, 77. 
Antecedent, 53. 
Anti-self-conjugate, 61, 62. 


Bernoulli’s theorem, 43. 

Betti’s reciprocal theorem, Chap. 
VIL, Ex. 7. 

Binet’s theorem, 76. 

Boundary conditions, 31, 36, 114. 

Bulk modulus, Chap. VIII., Ex. 1, 


Cauchy’s stress quadrics, 94. 

Centre of percussion, 82. 

Characteristic numbers, 32. 

Cireuital theorem, 117. 

Circulation, 38, 50. 

Components of strain, 91. 

Condensation, 47. 

Conduction of heat, 29—32. 

Conductivity, 29. 

Conjugate diameters, 70; 
54, 61. 

Consequent, 53. 

Conservative system of forces, 37. 

Continuity, equation of, 35, 43, 101. 

Continuous distributions, 23, 27, 105. 

Coulomb’s theorem, 113. 

Curl, 7, 12. 

Current, electric, 116-23; density, 
119; total, 124. 

Curvilinear coordinates, 11, 12, 18. 


dyadics, 


Dalembertian, 126. 
Determinant of a dyadic, 65. 
Diamctral plane, 70. 
Dielectric constant, 112. 


Dielectrics, theory of, 112. 

Differentiation of vectors, l; of 
dyadies, 84. 

Diffusivity, 30. 

Dilation, 89, 90, Chap. VIII., Ex. 1. 

Directional derivative, 2, 3, 4, 6. 

Displacement current, 124. 

Divergence, 7, 12; theorem, 14. 

Double products, Chap. VII., Ex. 
17. 

Doublet, 46. 

Dyad, dyadic, 53; differentiation of, 
84. 


Einstein, 129, 130, 133. 

Electro-magnctic equations, 125, 
135-6 ; potentials, 126; stress and 
momentum, 128. 

Ellipsoid, momental, 75, 77; .of 
gyration, 75; of strain, 88, 90; 
of stress, 94. 

Elongation, 88. 

Energy, kinetic, 40, 45, 52, 77, 102; 
electric, 115, 118, 127. 

Equilibrium of a fluid, 39. 

Ether current density, 124. 

Euler’s equation of motion for a 
fluid, 37, 101. 

Expansion formule, 8, 85. 

Extension, 88, 91. 


Filament, vortex, 49. 

Flow, line of, 38. 

Flux, magnetic, 118; thermal, 29. 

Fourier’s law of heat conduction, 
29. 


Gauss’s theorem, 14; integral, 20, 

Gradient, 3, 12. 

Green's theorem and formule, 19, 20; 
functions, 21. 

Gyration, ellipsoid of, 75. 


Q 


INDEX 


221 


The numbers refer to the articles. 


Harmonic functions, 19, 28. 
Helmholtz’s theorems, 26, 51. 
Herpolhode, 79. 
Heterogeneous strain, 90. 
Homogeneous strain, 88, 89. 
Hooke’s law, 95. 


Idemfactor, 59. 
Impulsive forces, 42, 81. 
Indeterminate product, 55. 
Individual rate of change, 34. 
Inductance, mutual, 118, 121. 
Induction, electric, 112; magnetic, 
110. 
Inertia, moments and products of, 72, 
73; dyadic, 72, 73, 74. 
Integral equation, 32. 
Intensity, of force, 22, 
magnetisation, 108. 
Invariable plano, 79, 
Invariants of a dyadic, 65. 
Irrotational motion, 43-47. 
Isothermal, 2, 20. 
Isotropic bodies, 95-97. 


104; of 


Kelvin, 45, 60. 
Kernel, 32. 
Kinetic cnergy, 40, 45, 52, 77, 102. 


Lagrange’s hydrodynamical 
tions, Chap. VII., Ex. 24. 

Lamé’s stross ellipsoid, 94. 

Lamellar function, 17, 26. 

Laminar motion, 100. 

Laplace’s operator, 9, 12, 126. 

Lovel-surface, 2. 

Light, velocity, 130. 

Linc integral, 13, 86. 

Lino of flow, 38; of force, 105. 

Local rate of change, 34. 

Lorentz, 125. 129, 130. 


equa- 


MacCullagh, 80. 

Magnetic flux, 118; 
sholl, 111. 

Magnelisution, inlensity of, 108. 

Magnetism, 106-41. 

Maxwell, 124, 125, 128. 

* Micholson and Morley, 130. 

Molecular rotation, 38. 

Momont of magnel, 106; ol inertia, 
72, 73. 

Momentai elHipsoid, 75, 77. 

Mutual inductance, 118; 121. 


momont, L063 


Neumann, 121. 

Newton, 129, 

Newtonian potential, 22-28. 

Nonion form, 55, 74. 

Normal derivative, 3; intensity, 24, 
105, 112. 


Oersted, 116. 
Open product, 55. 


Parallel axes, theorem of, 73. 

Partial derivatives, 1. 

Percussion, centre of, 82. 

Permeability, 110. 

Poinsot, 79. 

Point-functions, 2. 

Poisson’s equation, 25; ratio, Chap. 
VIII., Ex. 3; theory of magnotisa- 
tion, 108. 

Polar plano, 69. 

Polarisation, 112. 

Polhode, 79. 

Postfactor, 54. 

Potential, 22, 25, 28, 104, 105, 126; 
of strain, 90; of velocity, 43; 
retarded, 126. 

Poynting’s vector, 127. 

refactor, 54. 

Pressure at a point, 33. 

Principal axes of inertia, 74, 76, 78, 
Chap. VIL, Ex. 4; of strain, 88; 
of stross, 93, 98. 

Principal planes of stress, 93, 98. 

Principal point of a line, Chap. VI., 
Ex. 4, 

Principal stresses, 93, 98. 

Product of dyadics, 57; double, 
Chap. VIL, Ex. 17; of inertia, 72. 

Puro strain, 88. 


Quadric surfaces, 66-71, 88, 90, 94. 


Radiant vector, 127. 

Reciprocal dyadies, 60 ; quadrics, 71 ; 
strain ellipsoid, 88, 90. 

Relativity, 129—836. 

Retarded potentials, 126. 

Rigidity, simple, Chap. VILI. Ex. 2. 

Rol, sce Curl, 

Rotation, molecular, 38. 


Sealar of a dyadic, 56. 
Self-conjugato dyadic, 61, 62, 64. 
Shear, simplo, 89, Chap. VILL, Ex. 2. 
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Shell, magnetic, 111. 

Simple stratum, 27. 

Simply connected region, 44. 
Sink, 46. 

Slope, 3. 

Solenoidal function, 17, .26. 
Solid angle, 20. 

Sound propagation, 47. 
Source, 46. 

Specific inductive capacity, 112. 
Steady motion, 41. 

Stokes’s theorem, 16. 

Strain, 88-91; ellipsoid, 88, 90; 
energy function, 97; rate of, 99. 
Stress, 92-94; dyadic, 92; electro- 

magnetic, 128; ellipsoid (Lamé’s), 

94. 
Stress-strain relations, 95. 
Stretch-squeeze, Chap. VIII., Ex. 3. 
Stretcher, 132. 
Surface density, 27; 

24, 87, 105, 112. 
Susceptibility, 110. 
Synchronism, 130. 


integrals, 14, 


Tangency, condition of, 68. 

Tangent cone, 69; plane, 67, 68. 

Total current, 124. 

Total normal intensity, 
112. 

Traction, see Stress. 

Transformation of integrals, 13-17, 
19, 86-87. 

Tube of force, 105. 

Tube, vortex, 49. 


24, 105, 


Uniform functions, 2. 


Vector of a dyadic, 56. 

Vector potential, 25, 51, 119, 126. 

Velocity potential, 43. 

Viscosity, 100. 

Viscous fluids, 98-103. 

Vortex line, 38, 49; motion, 48-52, 
103; tube and filament, 49. 

Vorticity, 38, 48, 99. 


Young’s modulus, Chap. VIIL., Ex. 3. 
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